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ABSTRACT

This paper takes a game theoretical approach to open shop scheduling problems to minimize the sum
of completion times. We assume that there is an initial schedule to process the jobs (consisting of a
number of operations) on the machines and that each job is owned by a different player. Thus, we can
associate a cooperative TU-game to any open shop scheduling problem, assigning to each coalition the
maximal cost savings it can obtain through admissible rearrangements of jobs’ operations. A number of
different approaches to admissible schedules for a coalition are introduced and, in the main result of
the paper, a core allocation rule is provided for games arising from unit (execution times and weights)
open shop scheduling problems for the most of these approaches. To sharpen the bounds of the set of
open shop scheduling problems that result in games that are balanced, we provide two counterexamples:
one for general open shop problems and another for further relaxations of the definition of admissible
rearrangements for a coalition.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

In a scheduling problem a set of jobs have to be executed by
a number of machines. Such a general formulation arises in many
real life situations, like manufacturing processes, computer science,
logistics, etc. In this paper we consider open shop scheduling prob-
lems introduced by Gonzalez and Sahni (1976) in which n jobs con-
sisting of m operations have to be processed on m machines, each
operation on a different machine. We do not allow preemptions,
the order in which the jobs’ operations are processed is immaterial
but two operations of the same job cannot be processed simulta-
neously (for a survey see Chapter 8 in Pinedo, 2012 or Chapter 6
in Leung, 2004).

In this paper we additionally assume that there is an initial
schedule (“first come, first served” for instance) to process the jobs’
operations on the machines and that each job is owned by a dif-
ferent player. Moreover, for any admissible schedule, each player
incurs some waiting cost until all her job’s operations has been
processed and she can leave the system. Concretely, each player’s
cost is assumed to be a weight of the completion time of her
job. Thus, we can take a game theoretical approach to address
the question on how to distribute the cost savings the players can
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obtain by cooperation, whenever they rearrange their jobs to be
processed in an optimal way, minimizing total weighted com-
pletion times. The computational complexity of finding opti-
mal schedules for open shop problems to minimize the sum of
weighted completion times has been well-established in the lit-
erature since Achugbue and Chin (1982). However, Adiri and Amit
(1984) provide two neat algorithms to obtain optimal schedules for
unit open shop scheduling problems, where all processing times
of all operations are equal as well as all players’ weights for their
completion times.

Curiel, Pederzoli, and Tijs (1989) are the first to study one-
machine situations with weighted completion time as the cost-
criterion from such game theoretical point of view. Other multiple
machine problems have been studied from this perspective as par-
allel machines (Hamers, Klijn, & Suijs, 1999; Calleja, Borm, Hamers,
Klijn, & Slikker, 2002) or flow shop problems (van den Nouweland,
Krabbenborg, & Potters, 1992; Estévez-Fernandez, Mosquera, Borm,
& Hamers, 2008). Curiel, Hamers, and Klijn (2002) provide an ex-
tensive review of scheduling problems that have been treated from
this point of view.

In case of cooperation, and in order to obtain stable allocations
of the total cost savings, where no coalition of players receives
less that the cost savings it can generate by itself, we need to
determine first what rearrangements of their jobs’ operations are
allowed for the coalition. An accepted and broadly used defini-
tion of admissible rearrangement for a coalition (Curiel et al.,
1989) imposes that the set of predecessors of a player not in the
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coalition on a machine should be the same as initially. For open
shop problems, and due to the fact that machines may incur idle
time, such condition is not sufficiently strong to protect players
outside the coalition of being hurt. This forces us to think of
additional conditions on what should be admissible for a coalition.
At this point, and inspired by Curiel, Prasad, Tijs, and Veltman
(1993), we use two different types of requisites. On one hand,
we establish conditions guaranteeing that waiting costs of players
outside the coalition do not increase by preventing either the
starting time of the operations of jobs outside the coalition or
the completion time of such jobs to increase. On the other hand,
we study requisites that take into account the position of the
operations in the queue on each machine. Here, we tolerate that
the set of predecessors of players not in the coalition is contained
in, rather than equal to, the initial set of predecessors; or similarly,
the position in the queue for players outside the coalition does not
change (does not increase). It is worth to point out that all these
relaxations of the first condition on the set of predecessors allow
for the operations of jobs in a coalition to jump over operations
of jobs not belonging to the coalition. Combining these different
types of conditions, in total we consider nineteen definitions of
admissible rearrangements for a coalition.

For one machine scheduling problems, Curiel et al. (1989) pro-
vide a constructive proof of the existence of stable allocations, by
proposing an allocation rule in the core of the associated game,
for the first of the definitions. Slikker (2006) shows the existence
of stable allocations indirectly for another four of the approaches.
Van Velzen and Hamers (2003) and Musegaas, Borm, and Quant
(2015) study the existence of core elements considering slightly
different definitions of admissibility. In the main result of the pa-
per, we provide a stable allocation rule of the total cost savings
obtained by cooperation for unit open shop scheduling problems
and for all but three of the definitions we propose of admissible
schedules for a coalition. Unfortunately, except for balancedness,
the games do not present any further structure as convexity or
o — component additivity, classes of games widely studied in the
literature of scheduling games. For the other three definitions of
admissible rearrangements we provide a counterexample to show
that stable allocations may not exist. Moreover, the core of the as-
sociated games might be empty for general open shop problems
for the most of the proposed approaches to admissible rearrange-
ments.

The rest of the paper is organized as follows. In Section 2, we
introduce open shop scheduling problems and present some op-
timal schedules for unit open shop problems when considering
the weighted completion time criterion. Section 3 introduces the
coalitional game associated with an open shop scheduling problem
with initial schedule and discusses which rearrangements should
be admissible for a coalition. In Section 4, we show our main re-
sult, that is the core of a unit open shop scheduling game is non-
empty for a wide set of definitions of admissible rearrangements
for a coalition. We additionally show that such games neither need
to be convex nor o — component additive. Finally, in Section 5, we
study to what extend balancedness still holds when we consider
general open shop problems.

2. Open shop scheduling problems

An open shop scheduling problem consists of n jobs, N=
{1,....n}, each of them consisting of m operations, each one to
be processed on a different machine, being M = {1,2, ..., m} the
set of machines. When no confusion arises we denote by |[N| =n
the cardinality of the set of jobs and by |[M| = m the cardinality of
the set of machines. Alternatively, we can think of a set of players,
any of them needing to finish a job that consists of m operations,
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each of these operations to be processed on a different machine.

Players and jobs are used interchangeably throughout this paper.
The operation of job i € N on machine j € M is denoted by the

pair (i, j), p{ > 0 denotes the processing time of (i, j), and by

pi=(rl)
ieN,jeM

assume that all operations have to be processed uninterrupted,
that is, preemptions are not allowed. Moreover, in an open shop
scheduling problem the process order of a job’s operations is im-
material, but two operations of the same job cannot be processed
simultaneously. Also, a machine cannot process more than one job
at a time.

A schedule is a mapping s: N x M — R, that assigns to every
operation a starting time. The set of all feasible schedules, accord-
ing to the open shop specifications, is denoted by S. Let se S,
s(i, j) denotes the starting time of operation (i, j) according to
the schedule s. Since no preemption is allowed, Cl.f (s) =s(, j)+ p{
is the completion time of the operation (i, j) according to s. We
denote the completion time of job i according to s by G(s) =
maxCij (s).
jeM

we denote the matrix of processing times. We

A scheme o = (of)jEM is a collection of m bijections, o/ : N —
{1.....n}, one for each machine j € M, where o (i) = k interprets
the operation of job (player) i on machine j is at position k accord-
ing to scheme o. In other words, player i has the right to process
her operation on machine j before her n — k followers according
to oJ. The set of all possible schemes is denoted by X. A feasible
schedule s € S is compatible with the scheme o ¢ ¥ if and only if
for all j e M and i,i’ € N it holds

s(i, j) <s(', j) = ol() <al(@).
In the next example, we illustrate that a given scheme o € ¥
admits a number of different compatible feasible schedules. On

the other hand, a given schedule s € S is clearly compatible with
a unique scheme.

Example 1. Consider the open shop scheduling problem with N =
{1,2}, M={1,2}, p{ =1 for all ie N and all je M, and consider
the scheme o! =02 = (1,2). Then, o admits, among others, the
following two feasible schedules s; and s;:

my 1 2 S1,
my 1 2

m 11]2] s,
my 1 2

In the first schedule machine 2 incurs idle time, while in the
second schedule machine 1 incurs idle time.

A semi-active schedule is such that there does not exist an oper-
ation which could be started earlier without altering the process-
ing scheme or violating the restrictions on the processing of oper-
ations, according to the open shop specifications. So, all machines
start processing all operations as soon as it is possible without vio-
lating the fact that two operations of the same job cannot be pro-
cessed at the same time. In Example 1, there are no more semi-
active schedules than s; and s,. Observe that there is no one-to-
one correspondence between schemes and semi-active schedules
for open shop problems.

Every job (player) i € N has a waiting cost that is linear with re-
spect to the moment it can leave the system, i.e. the cost function
of a jobie N for a given s € S is of type ¢;(s) = «;C(s) where «; >
0 is the weight or waiting cost per unit time of player i. By o :=
(a)jeny We refer to the vector of weights. An open shop schedul-
ing problem with these specifications is a 4—tuple (M, N, p, ). Our
first aim is to find an optimal schedule s* € S that minimizes the
weighted sum of completion times. Note that since the waiting



A. Atay, P. Calleja and S. Soteras

costs are non-decreasing with respect to the completion time for
all i e N, then, we only need to look at semi-active schedules.

Finding optimal schedules for such open shop situations is
a difficult computational problem and has been proved to be
NP-hard even if there are only two machines (see for instance
Achugbue & Chin, 1982). Thus, we will pay special attention to unit
open shop problems. In a unit open shop problem, p{ = p for all
ieNandall jeM, and o; = « for all i e N. Without loss of gener-
ality we assume that p{. =1forallieNandall jeM, and ¢; =1
for all i € N. A unit open shop scheduling problem is a pair (N, M).

Adiri and Amit (1984) provide two different optimal schedules
for unit open shop problems minimizing the weighted sum of
completion times. For our purpose, here we introduce one of them
as Algorithm 2 (Algorithm 1 in Adiri & Amit (1984):

Algorithm 2.

Schedule operations of player i € N continuously, starting at
the earliest possible time (respecting operations processing
restrictions) on machine m if there exists k € N such that

i = km, and on machine i mod (m) otherwise,! until machine
m. Then, move to the earliest possible time (respecting
operations processing restrictions) on machine 1 and
schedule continuously the remaining operations of player i.

Next, we provide a unit open shop scheduling problem with six
players and four machines to illustrate Algorithm 2.

Example 3. Consider (N,M) with N={1,2,3,4,5,6} and M=
{1,2,3,4}. Then, an optimal schedule s*e S according to
Algorithm 2 is:

m [1]4[3]2]5 6
my [2(1[4[3]6]5

ms |3 (2]|1]4 6|5

mg |43 |2]1 6|5

which is only compatible with the associated scheme o':

ol [1T]4[3]2[5]6
o2 |21 [4]3[6][5
o3[ 3121465
o4 [4]3]2[1[6]5

As noted in Adiri and Amit (1984), if n=mk+1 with k= [} ]
and [ > 0, this algorithm constructs k compact blocks where ma-
chines do not stop between operations. In block 1 <r <k, m jobs
start processing at time (r—1)m and finish at time rm. In case
I > 0, in the last block k + 1, the last [ jobs start at km and finish
at (k+ 1)m, but in this block the machines incur some idle inter-
val.

Note that there is a machine (m, in Example 3) that processes

all operations continuously, and G(s*) = (#Wm for all ieN,!

indeed. Note also that, in fact, there are many optimal schedules
which can be obtained by just switching the names of the players.

3. Open shop scheduling games

Under the assumption that there is an initial feasible schedule
Sp € S that describes the initial processing of the operations on all
machines, an open shop scheduling problem with initial schedule, sg,
is a 5—tuple (N, M, p, o, o), while a unit open shop scheduling prob-
lem with initial schedule, sy, is a triplet (N, M, sg).

T Forall xeR, [x] :=min{k e Z | x < k}.
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A cooperative transferable utility (TU) game is defined by a pair
(N, v) where N is the (finite) player set and the characteristic func-
tion v assigns a real number v(T) to each coalition T € N, with
v(p) =0.

For any coalition ¥ # T € N and any feasible schedule s € S, by
cr(s) = Y jerci(s), we denote the waiting cost of the coalition T
according to s. Then, given an open shop scheduling problem with
initial schedule (N, M, p, «,sp), we define the open shop schedul-
ing game (N,v) where the characteristic function assigns to ev-
ery coalition the maximal cost savings it can obtain by means
of admissible rearrangements (or admissible schedules). That is,
if AS(T) € S denotes the set of admissible schedules for coalition
$+TCN,

v(T) = cr(so) — cr(sy),

where st is an optimal admissible schedule for coalition T, that is
cr(sy) = Ti?T) cr(s). In the following, AS,(T) stands for the set
SeAS

of optimal admissible schedules for coalition T.

Observe that for (N, M, sqy), the corresponding unit open shop
scheduling game (N,v) can be easily defined by means of the
completion times of the players (jobs). Let Cr(s) = Y ;.1 Gi(s) for
all s € S, then v(T) = Cr(sp) — Cr(s}) for all #T < N, where s} €
AS.(T).

Clearly, AS(N) should coincide with S under any definition of
admissible rearrangement. Curiel et al. (1993) impose two prin-
ciples that should be considered when defining which rearrange-
ments are admissible for a coalition:

(i) The rearrangement should not hurt the interests of the players
outside the coalition.

(ii) The rearrangement should be possible without an active coop-
eration of players outside the coalition.

Following most of the literature on one or multiple parallel ma-
chines (see for instance Curiel et al., 2002) we say that a schedule
s, which is compatible with the unique scheme o, will be admissi-
ble for a coalition ¢ # T c N if for each machine, no player outside
the coalition T has a different set of predecessors as initially. That
is, if by op we denote the unique scheme compatible with sy, for
allie N\ T and all j € M, it holds

{keN:ol(k) <oi(i)} ={keN: o]k <ol()} (1)
Hence, for a given j € M, switches are only allowed among play-
ers from connected coalitions. A coalition T € N is called connected
with respect to o if for all i,#" e T and k such that ¢ (i) < o (k) <
o (i), it holds that k € T. We denote by T/o the set of maximally
connected components of T according to og . We denote the set of
admissible schedules for coalition T that satisfies (1) by AS'(T).
Unfortunately, as shown in Example 4, given T < N, AS!(T) might

include admissible rearrangements that hurt players outside the
coalition T.

Example 4. Consider (N, M,sy) with N={1,2,3,4,5}, M= {1, 2},
and the initial schedule, sg, as follows:

m [ 112 31415
my | 5(1]3[4]2

Let T = {3,5}. The optimal schedule s} e AS!(T) is:

m [1]2[3[4]5
my | 5|1 31412

Then, G3(sp) =4, C5(sp) =6 while G3(s3) =4, C5(s3) =5, and
v({3,5}) = 1. However, s} hurts the interests of player 2, who does
not take part of the coalition T, since G(sp) =5 <6 =0 (s3). It
is worth mentioning that although one may argue that to obtain
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sy, from sy, requires the active cooperation of players 2 and 4 as
operations (2,2) and (4,2) are delayed, we can also interpret that
is enough that player 3 decides to process the operation (3,1) first
instead of the operation (3,2).

The following example shows that, given T < N, AS!(T) might
include an admissible rearrangement that unambiguously requires
the active cooperation of players outside coalition T.

Example 5. Consider (N, M, sg) with N={1,2,3}, M ={1,2}, and
the initial schedule, sq, as follows:

mq 1 2 3
my 1 312
Let T = {2}. An optimal schedule s} € ASI(T) is:
my 1 2 3
my 1 3 2

Then, G,(sg) = 5, G, (s}) = 4, and hence v({2}) = 1. Even though
sy delays the operation (3,1), C3(Sg) = G3(s}). and hence player 3
is not hurt. However, changing from schedule s to s} requires the
active cooperation of player 3. Observe that, contrary to sg, in s}
player 3 decides to process first (3,2) instead of (3,1).

In view of Examples 4 and 5, it is clear that due to the fact
that coalitions can make use of idle times on machines, condition
(1) is not enough to guarantee the two principles required for the
definition of admissible rearrangements of a coalition.

In Curiel et al. (1993), a number of different approaches to
admissible arrangements are studied. They combine two different
ideas. In the first one, players in a coalition are allowed to jump
over players outside the coalition. We will address this approach
later. In the second one, they simply focus on the starting time
(completion time) of operations of players outside the coalition. If
those times do not increase, they will not be worse off. We present
three proposals, inspired by those in Curiel et al. (1993). The first
one is based on the starting time of operations. That is, a sched-
ule s € S, with corresponding compatible scheme o, is admissible
for coalition ¢ # T c N if it satisfies (1) and the starting time of
operations of players outside T remains unchanged:

forallie N\ T and all j e M, it holds that, s(i, j) = so(i, j). (a)

We denote the set of admissible schedules for coalition T that
satisfy (1) and (a) by AS'(T).

A second approach considers that a schedule s € S with corre-
sponding compatible scheme o is admissible for a coalition @ #
T c N if it satisfies (1) and the starting time of operations of play-
ers outside T does not increase:

forallie N\ T and all j e M, it holds that, s(i, j) < so(i, j). (b)

We denote the set of admissible schedules for coalition T that sat-
isfy (1) and (b) by AS!2(T).

In Curiel et al. (1993), only one machine problems are studied,
hence condition (a) is equivalent to enforcing non-increasing com-
pletion times for all i e N\ T. Following that spirit, we introduce
a new definition of admissible rearrangements. A schedule s e S
with corresponding compatible scheme o is admissible for a coali-
tion ¥ # T c N if it satisfies (1) and the completion time of players
outside T does not increase:

for alli e N\ T, it holds that, G(s) < G(so). (c)

We denote the set of admissible schedules for coalition T that
satisfy (1) and (c) by AS'(T).

Clearly, for a given ¢ T c N, we have AS'%(T) < AS'(T)
AS1E(T) € AS'(T). Moreover, conditions (a), (b), and (c) ensure
that admissible rearrangements will not hurt the interests of play-
ers outside the coalition.
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On the other hand, in Example 5, for T = {2}, s} € ASIe(T) and,
as noted, changing from s to s} requires the active cooperation of
player 3. Observe that this is possible because player 3 “makes use”
of the idle times on machines. Given s; € S and # # T C N, a player
ie N\ T can only “make use” of idle times in profit of coalition T
to reach a rearrangement s € AS'°(T), as player 3 in Example 5,
if there is a machine j € M such that the initial starting time of
operation (i, j), So(i, j), is smaller than the starting time of (i, j)
according to s;

So(1. j) <s(i. j).

In Example 5, such machine is m;. Hence, obviously, s ¢ AS!0(T).
Then, admissible rearrangements in AS'%(T) and AS'’(T) do not
allow for the active cooperation of players outside T.

Allowing players in a coalition to jump over players outside the
coalition, that is relaxing condition (1), give rise to larger sets of
admissible rearrangements. If we follow the same approach intro-
duced in Curiel et al. (1993) and later used by Slikker (2006), we
would like to change condition (1) by the following weaker con-
dition on the schemes. Let oy be the unique scheme compatible
with sg, we say that a schedule s is admissible for ¢ # T c N if for
allie N\ T and all j € M, it holds

ol (i) = ol (i), (2)

where o is the unique scheme compatible with s. Condition (2) re-
quires that players outside the coalition T maintain the same po-
sition as initially on every machine. From the perspective of the
members of coalition T and for an arbitrary machine j € M, now,
they are allowed to switch their positions, independently if they
belong to the same connected component according to a({ . The set
of admissible schedules for coalition T that satisfy (2) is denoted
by AS2(T).

Further relaxations of condition (1) can be obtained by impos-
ing that a schedule s is admissible for ¥ #T c N, if forallie N\ T
and all j € M it holds

{keN:ol(k) <oi(i)} c{keN:alk) <o)} (3)

with og and o being the schemes corresponding to sy and s, re-
spectively. Clearly (3) weakens condition (1) since each player out-
side coalition T do not get any new predecessor on each machine.
This approach is similar to the one taken in Musegaas et al. (2015).
By .AS3(T) we denote the set of admissible schedules for coalition
T that satisfy (3). Interestingly, condition (1) implies both, condi-
tions (2) and (3), but conditions (2) and (3) do not imply each
other.

Finally, we introduce the weakest relaxation of condition (1): a
schedule s is admissible for ¢ #T c N, if for all ie N\ T and all
j €M, it holds
oy (i) = o/ (). (4)
with og and o being the schemes corresponding to sy and s, re-
spectively. Condition (4) imposes that the number of predecessors
for a player outside coalition T do not increase on each machine.
By AS*(T) we denote the set of admissible schedules for coalition
T that satisfy (4). Notice that (4) is implied by conditions (1)-(3).

Of course, if we want to prevent hurting players in N\ T we
should combine (2)-(4) with either (a) or (b) or (c). We would then
obtain some new domains of admissible schedules for T: .AS2(T),
AS?P(T), AS?(T), AS3H(T), AS3(T), AS3(T), AS*(T), AS*(T)
and AS*(T).

For every different set of admissible rearrangements, we can as-
sociate the corresponding cooperative TU-game. Let (N, v¥) denote
the game where the set of admissible rearrangements for a coali-
tion #£T < N is ASK(T), with k € {1,2,3,4}; and let (N, vK) de-
note the game where the set of admissible rearrangements for a
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coalition ¥ £ T < N is ASK(T), with k€ {1,2,3,4} and | € {a, b, c}.
Proposition 6 provides the relation among these games.

Proposition 6. Let (N, M, p, «,sg) be an open shop scheduling prob-
lem with initial schedule. Then, it holds

v1(N) = 2(N) = 13 (N) = *(N),

v"(N) — Uka(N) — Ukb(N) — UkC(N)
vI(T) < v*(T) < v*(T)
vI(T) < v*(T) <v*(T)

v*(T) < v*(T) < v*(T) < v¥(T)

for all k e {1,2, 3,4},

forall T c N,

for all T c N, and

forall T c N and all k € {1, 2,3, 4}.

Proof. It follows from the observation that for an arbitrary ¢ # T c
N, it holds

AS(T) € AS*(T) < ASY(T),
ASU(T) € AS3(T) € AS4(T),
ASK(T) € AS*(T) € ASK(T) < ASK(T)

and
for all k € {1,2,3,4}.

In case T=N all the sets of admissible schedules are equal
and equal to S, ie. S=ASI(N) = AS%(N) = AS3(N) = AS*(N)
and S =AS*(N) = AS®(N) = ASK(N) = ASK(N)  for  all
ke{1,2,3,4}. O

4. Non-emptiness of the core for unit open shop games

Given a cooperative game (N,v), a payoff vector x ¢ RN repre-
sents the payoffs to the players. Each component x; is interpreted
as the allotment to player i € N. The total payoff to a coalition
S € N is denoted by x(S) = }";.sX; with x(¢) = 0. In order to study
the set of stable allocations of the total cost savings N can obtain,
we introduce the core of a cooperative game (N, v) that consists
of those payoff vectors that satisfy efficiency and every coalition
S C N receives at least its worth: x(S) > v(S) (Gillies, 1959). For-
mally, the core of a cooperative game (N, v) is:

Cw)={xeR"|x(N) =v(N), x(S)=v(S) forall ScN}.

A game is balanced if it has a non-empty core. Convexity (Shapley,
1971) and o-component additivity (Curiel, Potters, Prasad, Tijs, &
Veltman, 1994) are conditions that have been extensively stud-
ied to prove balancedness of scheduling games associated with
different scheduling problems (see for instance Curiel et al.,
1994; Hamers, Borm, & Tijs, 1995; Borm, Fiestras-Janeiro, Hamers,
Sanchez, & Voorneveld, 2002; Musegaas, Borm, & Quant, 2018).
A game (N,v) is said to be convex if v(Tu{i}) —v(T)>v(SuU
{i}) —v(S) for all i e N and all S < T < N\{i}. Given an open shop
scheduling problem with initial schedule, the next remark, which
is shown by means of counterexamples, stresses that none of the
sixteen classes of open shop games introduced in Section 3 needs
to be convex, not even for unit open shop scheduling problems.

Remark 7. Let (N, M, sg) be a unit open shop scheduling problem
with initial schedule. Then, the associated games (N, v¥) for all k e
{1,2,3,4} and (N, v¥) for all k € {1,2,3,4} and all I € {a, b, c} need
not be convex.

We first show, in Example 8, that (N,v!) and (N, v!) with [ €
{a, b, c} need not be convex.

Example 8. Consider (N,M,sq) with N={1,2,3,4,5,6,7}, M=
{1, 2}, and the initial schedule, sq, as follows:

m (1 [2[3[4]|5]|6]|7
my |6 (5|71 |2]3]|4

Take S={3,5}, T ={1,2,3,5,7} and i = 4. The optimal sched-
ule for coalition S under condition (1), s¢ € ASL(S), is sq, since the
operations of players 3 and 5 are disconnected on both machines
and machines process all operations continuously according to sg.
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The schedule SSupiy € ASI(Su{i}) is optimal for coalition SU {i} :

m | 12|53 (4|67
my [6[5[7[1]2]|3]4

The schedule s; € ASI(T) is optimal for coalition T:

m (1[(2[3[4]|5|6|7
my |6 (125|374

The schedule s:

Toti) € ASN(T u{i}) is optimal for coalition T U

m |1(2[|3|5|4|6|7
my [6[1[2[3|5|7]|4

Therefore, vV1 (T U {i}) —v!(T) =6 -5<2-0=v'(SU{i}) —v'(S).
Hence, the game (N, v!) is not convex.

Moreover, since every optimal schedule satisfies (a) and, thus,
(a) and (c), the coalitional worth for S, Su{i}, T, and T U {i} is the
same in the game (N, v!) as in the game (N, v'!) for all [ € {a, b, c}.
Hence neither (N,v') nor (N,v!!) for all I € {a,b,c} are convex
games.

Second, we show, in Example 9, that (N,v2), (N,v*) and
(N, v2), (N, v*) with I € {a, b, c} need not be convex.

Example 9. Consider (N,M,sg) with N={1,2,3,4,5,6,7}, M=
{1, 2}, and the initial schedule, sy, as follows:

m | 1234|567
my |64 [5[2(|3|7]|1

Take S=1{4,5,6}, T ={2,3,4,5,6} and i = 1. The optimal sched-
ule for coalition S under condition (4), s¢ € Asj} (S), is sg. Coalition
S can not obtain any cost saving by switching the positions of the
operations of jobs 4, 5, and 6 on the machines, neither by dimin-
ishing the position of the operations of jobs outside the coalition.
The schedule s;u{i} € AS4(Su{i}) is optimal for coalition S U {i}:

m (42 [3[|5]|6|1]|7
my |6 (452|371

The schedule s} € AS*(T) is optimal for coalition T:

m | 1(2]|3[4|5]|6]|7
my (2345|671

The schedule s’;u{i} € ASH(T u{i}) is optimal for coalition T U

m (2345|167
my |3(2]|5(4|6|7|1

Therefore, ¥*(TU{i}) —1*(T) =6 —4<4 — 0 = v*(SU{i})) —
v4(S). Hence, the game (N, v*) is not convex.

Furthermore, every optimal schedule holds condition (2) and,
additionally, satisfies (a) and, thus, (b) and (c). Then, the coali-
tional worth for S, Su{i}, T, and T U {i} is the same in the game
(N,v*) as in the games (N, v2), (N, v2), (N, v*) for all | € {a, b, c}.
Hence, neither (N, v?) and (N,v*), nor (N,v?") and (N,v*) for all
l e {a, b, c} are convex games.

Finally, we show that (N, v3) and (N, v3!) with I € {a, b, ¢} need
not be convex. Here, we will consider both, Examples 8 and 9.
First, consider Example 8 to conclude that (N,13?) need not be
convex.

Example 8 (revisited): The optimal schedules for coalitions S,
Su{i}, T and T U {i} under condition (1) are also optimal if we im-
pose (3) and (a) together. Observe that, although (3) is weaker than
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(1), condition (a) is very strong and moreover, machines operate con-
tinuously according to so leaving no room to obtain additional cost
savings to the coalitions. Therefore, the worth for these coalitions is
the same in the game (N, v!) as in the game (N, v3%) which does nei-
ther need to be convex.

To finish, consider Example 9 again.

Example 9 (revisited): For coalitions S, T and T U {i}, the sched-
ules sg, s7. and sj, ., satisfy condition (3), and, additionally conditions
(b) and (c). Consequently, the coalitional worth for these coalitions is
the same in the game (N,v*) than in the games (N,v3) and (N, v3!)
with 1 € {b, c}. However, the schedule s;u{i} for coalition Su {i} does
not satisfy (3), since, compared to sy, the operations of jobs 2 and 3
get a new predecessor on the first machine. An optimal schedule for

coalition S U {i} under condition (3) is:

m (2345|617
my | 6452|371

Therefore, 13(TU {i}) — 13(T) =6 —4<3 — 0 = v3(Su{i}) —
v3(S). Hence, the game (N, v3) is not convex. Notice that the optimal
schedule for coalition S U {i} under condition (3) also satisfies (b) and
(c). Then, the worth of SU{i} is the same in the game (N,13) as
in the games (N,13%) and (N,13¢), and, hence, none of these three
games is convex.

We have then provided the necessary arguments, by means of
counterexamples, to show Remark 7.

o-component additivity, as well as convexity, implies balanced-
ness. A game (N, v) is said to be superadditive if v(SUT) > v(S) +
v(T) for all S,T € N, SNT = . Let o be an order on the player set
N, a game (N, v) is said to be o-component additivity if it satisfies
the following three conditions:

e y({i}) =0 for all i e N,
e (N,v) is superadditive,
o U(T) = Yger)o V(S) forall T C N.

In Example 5, and for T = {2}, we obtained v!(T) = 1. So, the
game (N, v!) is not o-component additive. In the following remark
we emphasize, by a single counterexample, that none of the six-
teen games introduced in Section 3 is o-component additive, not
even for unit open shop scheduling problems.

Remark 10. Let (N, M, sy) be a unit open shop scheduling problem
with initial schedule. Then, the associated games (N, v*) for all k €
{1,2,3,4} and (N, vM) for all k € {1,2,3,4} and all | € {a, b, c} need
not be o-component additive.

Example 11
Remark 10.

provides the necessary arguments to show

Example 11. Consider (N, M, sq) with N=
{1,2,3,4,5,6,7,8,9,10}, M= {1, 2, 3,4}, and the initial schedule,
Sg, as follows:

m |1(2]|3]4 (5|6 |[7]|8]9]10
my [5(3(2]| 9|6 4]|1|7]|]10] 8
ms |3 (1|57 [9]10|8|4] 2 6
mg 251|103 8]|]6|9| 7| 4

We first show that the game (N,v!%) need not be o-
component additive. Observe that v'({i}) = 0 for all i € N. More-
over v19({1,4}) = v19({2,4}) = v'9({4, 5}) = 1. To reach the opti-
mal schedules for coalitions {1,4}, {2,4}, and {4, 5}, players 1
and 4 switch their operations on second machine, players 2 and
4 switch their operations on third machine, and players 4 and
5 switch their operations on first machine, respectively. Hence,
{1,4}, {2,4}, and {4, 5} have to be connected with respect to o,
but there is no ordering of the ten players that makes that possi-
ble. Consequently, (N, v1%) is not o-component additive.
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Moreover, from Proposition 6, given an arbitrary coalition T C
N, it holds that v!9(T) is smaller than or equal to the coali-
tional worth of T in any other of the fifteen games introduced in
Section 3. Then, the coalitional worth of coalitions {1,4}, {2, 4]},
and {4,5} is strictly positive in any of them. So, {1,4}, {2,4},
and {4,5} have to be connected with respect to o, but this is
not possible. We conclude that none of the games (N, v*) with
ke{1,2,3,4} and (N, ") with ke {1,2,3,4} and [ € {a,b,c} is o
-component additive.

Given an open shop scheduling problem with initial schedule
(N,M, p, o, sg), and in view of Proposition 6, if we show that the
associated game (N, v*) is balanced, we can conclude that any of
the rest of games introduced in Section 3 is balanced as well. Un-
fortunately, balancedness does not need to hold for general open
shop problems (see Remark 16 in Section 5) and, henceforth, we
restrict our attention to unit open shop scheduling problems with
initial schedule (N, M, sp). As a consequence of the lack of struc-
ture of the game (N, %), displayed in Remarks 7 and 10, we ex-
plore the possibility to obtain an allocation rule of the total cost
savings laying in the core. This strategy has been used from Curiel,
Pederzoli and Tijs (1989), who introduce the equal gain splitting
rule, EGS, for 1-machine situations. In our setting, a 1-machine sit-
uation corresponds to an open shop scheduling problem with ini-
tial schedule (N, M, p, «,sg) with M = {1}. Concretely, they show
that EGS(N, M, p, o, sg) € C(N, ") for every 1-machine situation. An
interpretation of the EGS is as follows. For 1-machine situations,
we can always describe a procedure to obtain an optimal sched-
ule (the higher the urgency of the job, ‘;‘—: the sooner it is pro-
cessed) from the initial one by switching jobs of neighbours in-
volving some strictly positive cost savings, consecutively. Roughly
speaking the EGS assigns to each player the half of the cost sav-
ings obtained by every switch of her job with the job of a neigh-
bour in such a procedure. This idea is difficult to extend to open
shop problems with more than a single machine. Not only because
of finding optimal schedules is an NP-hard problem, but also due
to obtaining a procedure to construct the optimal schedule from
the initial one by means of switches involving some positive cost
savings, if possible, might be hard as well.

However, given a unit open shop scheduling problem with
initial schedule (N,M,sy) and in view of Algorithm 2 (see also
Example 3), for all j € M there exists an optimal schedule, that
we call sj., for N such that its unique compatible scheme o* ¢ X

satisfies (0*)/ = O‘é and, moreover, machine j does not incur any
idle time (operations on machine j are processed continuously) ac-
cording to s}‘.. For any j € M, we introduce the j-based allocation

Wi (N, M, sg) € RN by:
(N, M. s9) = Gi(so) — () forallieN.

Given j € M, this allocation assigns to each player the difference
between her initial waiting cost and her cost associated with the
optimal schedule s;f for N. We can interpret that according to ./
the processing order rights acquired by the players according to
ad are dominant. Observe that urgencies of players are all equal
and there are as many optimal schedules as possible orders on the
jobs, according to Algorithm 2. So, apparently, it could be natural
to respect one of the initial orders on the machines when design-
ing the optimal schedule. This allocation is efficient, since

ST ul(N.M.s0)=>" (Gi(s0) — Gi(s))) = Cu(s0) — C(s7) = v*(N),
ieN ieN
where the last equality follows from the fact that s;f is optimal for

N. However, as the next example shows, wi (N, M, sg) does not need
to satisfy u{ (N, M, sp) = v*({i}) for all i € N, and hence need not be
a core element.
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Example 12. Consider (N, M,sy) with N={1,2,3,4}, M= {1, 2},
and the initial schedule, sg, as follows:

1
my (3[4 1]2
Let j = 1. Then, s7 is:

m | 12|34
my [2[1[4]3

Now, consider i = 3. Then,
u3(N, M, s) =C3(s0) —Gs(s5) =3 -4=-1<1*({3}) =0

Hence, the allocation u!(N,M,sy) is not a core element of the
game (N, v*).

Given (N, M,sg), in Theorem 14 we will show that although
the j -based allocation does not need to be a core element, sur-
prisingly, the average of all u/(N,M,sg) always belongs to the
core. For any (N, M, sg), the average machine-based allocation rule
(N, M, sy) € RN is defined by

1 A
2 j
p— ZH« (N, M, sp).

JjeM

(N, M, s0) =

The interpretation of [ is very natural, since it makes all pos-
sible optimal schedules for N (obtained from Algorithm 2) that
maintains the initial order in one of the machines, sj for all j e M,
equally likely. Then, a player receives her expectation of cost sav-
ings. In order to show our main result, let us first prove a technical
lemma that establishes an upper bound for the difference between
the completion times of a job i € N, according to an initial schedule
sp and to any other feasible schedule s.

Lemma 13. Let (N, M, sg) be a unit open shop scheduling problem
with initial schedule. Then, for all feasible schedule s € S, and i € N,
it holds

1 C/(s)
aj%:w (Ci(so) - ’7 - —‘m) > Gi(so) — Gi(s). (5)

Proof. Let (N,M,sp), seS, and i E,*N' Let j* € M be such that
Gi(s) =C (s). Then, clearly C/(s) </ (s) for all j € M. Moreover,

Jjx
' (s) < [C" nSS)—‘m

Here, if according to s we make consecutive blocks of m units
of time from the moment at which the system starts processing,

g
’qu(s)—‘ stands for the block in which the operation of player i is

processed on machine j*.
We distinguish between two cases:

" J*
Case 1: C/ (s) = ’}’ m(s)—‘m

In Case 1, the operation of job i on machine j* is exactly the last

. . o’
operation to be processed in block ’V 'm(s)

—‘ according to s. In the
graph we represent only machine j*:

7" | | |

L [7]

Block ("fmﬂ

From the definition of j* € M it follows that

Block 1 Block 2

¢
G(so) - { l nﬂm = Gi(50) ~ G (s), (6)
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and for any other machine j e M

c ¢
Gs0) - { ‘nﬂm = Gs0) - { 'nﬂ’" @)

=Gi(s0) = G(5).

Then, from (6) and (7)

Cl
Z(cm—( (ﬂ )z;Z(a(sO)—G(s))

]eM jeM
=Gi(so) — G(s),

which finishes Case 1.
Case 2: C’ (s) < ’} (s)—‘m

In Case 2, the operation of job i on machine j* is not the last oper-
g
ation to be processed in block ’VC‘m(S)—‘ according to s. In the graph

we represent only machine j*:
7| \ \

Block 1 Block 2

By definition of j*,

c/(s) /' (s)
mo | S| Tm

for all j e M.

J
Let]*:{jeM: G

"
—‘ ’7C ©) } Then, according to s, J* is

the set of machines for which the operation of player i according
to s is processed in the same block as the operation of player i is
d ()

processed on machine j*, that is, in block . Note that J* # ¢

since j* € J*. On the other hand, if j e M\ J*, then

[Cs)] [

m m

or equivalently

[cis)] [ ()]

o7 [de] ®)
m m

To establish an upper bound for |J*|, notice that all j e J*, j # j*,

process the operation of job i in the same block as j*, i.e. in block

d®
m

—‘, that contains exactly m units of time. Additionally, the

operation of job i is processed at the unit of time Cl.j* (s) on ma-
chine j* and we have Cl.j(s) < CIJ (s) for all j eJ*, j# j*. Hence, as
( s) (s)

block starts processing at L m and s € S is a feasi-

ble schedule, and thus, two operations of the same job are not al-
lowed to be processed simultaneously on two different machines,
C (s)

there are only Cij* (s) — m positions available in the block
to process the operation of job i on different machines. So, there

" d
are as much as CI.J (s) — L © )Jm different machines in J*, i.e.

j*
rl=c e - {Cm(”Jm ©)
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Consequently,
" c’
Mt =m = () - {nﬂm) (10)
Then,
Cl(s)
G(s )—’V : —‘m
Jg/,( 0 m )
[/ (s) c/(s)
=Y (Gi(so) - —‘ > C(So)—’V -‘
> m)+ 3 (G600 -| T
‘c.f*(s)“ {c (s) W
> (Glso) = | == |m)+ Y (Gi(so) —
J€]< m ) jeM\I*< m
- ;-
~ 11(cics0) - CI‘fﬂm)ﬂM\ﬁ [ (cts0) - (Cl ”W +m)

"
= U*|<Ci($o) —G(s) +G(s) — ’VC;T(S)—‘m)

Ciﬁ(ﬂ )
m+m
m

'
=m(Ci(so) —Gi(s)) + U*|<Ci(s) - ’V ‘ngs)-‘m)

+IM\J| (Ci(So) “Gi(s) +Gs) — [

s [q®]]
+IM\J |<C,-(s)— — m+m>
. c c
= m(Gi(s0) ~ Gi(s)) + (¢ () - L#Jm) (G- (%Wm)
] [ ®]
M\ ]G - [ 2 mem)

> m(Gi(so) — G(s)) + (C{*(s) - F;n(S)Jm) (q(s) _ F,’m(s)_‘m)
' (s) c, () 6s) /' (s) e m
" m)) (o~ [ G e m)

c’ . a
= m(Ci(so) —Ci(S))+(Ci(5) - IVIT(S)-‘"Q’H + m(m -G+ \\IT(S)J'“) > %Z (ZG‘(SO) - Z
jeM

- i
— m(G(so) — Gi(s5)) +m<m(1 n {CinSS)J - [%b)

=m(G(sg) — G(5)).

Here, the first inequality follows from the definition of J* and
(8). The second inequality follows from (9) and the fact that

G - | 42

—‘m <0, due to in Case 2 we assume G(s) = C,.j* (s) <

J
F (ﬂm The third inequality holds from (10), and the fact that

Ci(s)*( ()—‘erm m( +17(Cz‘j;(s)—‘)>0.

The last but one equality follows from C;(s) = CI.J* (s) by defini-
tion of j*. Finally, the last equality follows from the assumption
that in Case 2 the operation of job i on machine j* is not the

Gi(s) = CiJ' (s), and then
d®
m

. . d*(s)
last operation to be processed in block | == |, and consequently,
d (s) ds) * s)
¢Zand1+\"m w1 =0.

Consequently, (5) holds and this finishes Case 2. O

Remarkably, Lemma 13 holds for an arbitrary player i ¢ N and
an arbitrary feasible schedule s € S. In particular, for any player
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belonging to a given coalition T € N and an optimal schedule,
sy € ASX(T) c &, for such coalition, which will be helpful to prove
the next theorem. Now, we can state the main result of the paper.

Theorem 14. Let (N, M, sg) be a unit open shop scheduling problem
with initial schedule. Then, fi(N, M, sg) € C(v*).

Proof. Let (N, M, sq), u/(N, M, so) = uJ, and ji(N, M, sp) = 1. First,
we show that the allocation rule & € RN is efficient:

=Y =y % > (Giso) = Gi(s)))

ieN ieN jeM

L33 (G0~ i)

jeM ieN
1 *
= ZCN(SO) —Cn(s))
jeM
=v*(N),

A(N)

where the fifth equality follows from the fact that s}f is an opti-
mal schedule for N for all j € M and hence, CN(sj) =Cy (s;f,) for all
j,j’ €M, j# j. It remains to prove ji(T) > v*(T) for all T c N. Let
@ #T c N be an arbitrary proper coalition, s} € ASX(T) an opti-
mal schedule for coalition T and o the unique scheme compatible
with St Then,

> =

ieT

(T =

IEDNT

ieT JjeM

PBED B (CEAREH)
ieT jeM
ol (i)
Hﬂ’“)
QM
m
J l)—‘
m
1
> — Gi(so) — —‘m>
J (o
iz [}

ieT jeM

= ) " Gi(so) — Gi(sp) = v4(T).
ieT

=y % > (Ci(so) -
ieT jeM

L (Fe-

ieT ieT

ieT ieT
C] (s

m

The fourth equality follows from the fact that the unique com-

patible scheme o* with y satisfies (a*)f = O’O and moreover, ac-

cording to the schedule s}* operations are processed continuously

on machine j. So, in view of Algorithm 2 (see also Example 3),
ad (i)

c,-(s;f)=[ !

To show the first inequality it is enough to prove that

ZIET ’V(GT) (1)—‘ ZIET ’V (I)

serve that, with respect to the orders (07*:)] and o, it

07
holds that ZIGN ’V(UT )}(1)—‘ ZIEN ’V (l)—‘ = [%—‘ + Irﬁ—| +
Skt 5 € ASH(T)

satisfies
tion (4), we have (of)l(i)fog(i) for all ieN\T and,

for all jeM. Let jeM, ob-

Moreover, since condi-
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ag i)

o) ()
() ® < 2ienT | ~h

ZieN\T m
o7) o) o) (i
Dier IV(Tm)()—‘ = DieN ’7(Tm)()—‘ — 2ieMT ’7(%1)()—‘ >

J(i J (i J (i
> ieN %nfl) — 2ieN\T ”‘?n(') =Yier ’7%:11(1)—‘ and we conclude
that the first inequality holds.

The second inequality follows from Cl.j(s;) > (a;‘)](i) for all
ieT and all j € M. Observe that the completion time of the op-
eration of job i on machine j according to the schedule s; can
not be strictly smaller than the position of such operation on ma-
chine j with respect to the compatible scheme o7, since all oper-
ations last one unit of time and, moreover, machine j may incur
idle time. The last inequality follows from Lemma 13 applied to
the players belonging to coalition T € N and the feasible schedule,
steASHT)cS. O

Then,

consequently,

In the next corollary, we summarize that an immediate conse-
quence of Theorem 14 is that the sixteen classes of unit open shop
games are balanced.

Corollary 15. Let (N, M, sy) be a unit open shop scheduling problem
with initial schedule. Then, ji(N, M, sy) € C(V¥) for all ke {1,2,3, 4}
and ji(N, M, sq) € CWX) for all k€ {1,2,3,4} and all | € {a, b, c}.

5. Non-balancedness results

In Section 4, we prove balancedness for unit open shop games.
In this section, we investigate whether, in general, open shop
scheduling games are balanced. Here, we provide a counterexam-
ple. To be more precise, to show the following remark we present
an example with 5 jobs and 3 machines that results in a coopera-
tive game with an empty core for eight of the sixteen approaches
to admissible schedules for a coalition introduced in Section 3.
Moreover, we show that those games are not even superadditive.

Remark 16. Let (N, M, p, «, sg) be an open shop scheduling prob-
lem with initial schedule. Then, the associated games (N, v¥) and
(N, v¥) for all k € {1,2,3, 4} neither need to be balanced, nor su-
peradditive.

The necessary arguments to see that Remark 16 holds are pro-
vided in Example 17.

Example 17. Consider (N, M, p, «,sy) with N=1{1,2,3,4,5}, M=
{1,2,3}, @1 =1, ap =5, a3 =50, oy = o5 = 2000, and processing
times as follows:

1 if () e{1,1),21),41),651),42),(5,2).2,3).(5,3)}
=l 2 if  (.))ef(,2),(43)}
T ) 120 if  G.j)e{3.1).3.2).3.3)}
400 if G0)ef(,3),22)

In order to provide a clear illustration of the schedules in this
example, and due to the big differences in the processing times
of the operations, in the figures, the operations of the jobs do not
respect the appropriate proportions, as well as the time line at the
bottom should be read carefully. The initial schedule, sg, is:

mal
mald
m3p|

EEEIE |
ER [ 3 [ 2 [
24 | 3 [ 1

12 4 124 244 364 644 764

We first show that the game (N, v1¢) need not be balanced. No-
tice that C] (So) =764, C2 (So) = 644, C3 (So) = 364, C4(So) =4 and
Cs(s0) = 3.
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Let T = {1}. The optimal schedule for coalition T, s} € ASI(T)
is:

ma[IJ452] [ 3 [
malf 1 3 | 2
ms b2 4 3 1
12 4 124 244 364 524 644

Here, according to sk, operations are processed continuously on
machine 3 and, consequently, C;(s}) =524. On the other hand,
the completion times of the rest of players are the same as
initially and hence, condition (c) holds. Moreover, the unique
scheme compatible with s} is like the initial scheme and con-
dition (1) holds as well. Then, together with «; =1, we obtain
v1c({1}) = 764 — 524 = 240.

Now, let S = {2, 3, 4, 5}. An optimal schedule for coalition S, s% €
ASIe(S), is:

m [L]4]52] [ 3 [
ma |5 1 3 [ 2 [
mafp[2 4 [ 3 [ 1
12 4 124 244 364 524 644

Observe that the best alternative for S is to process all opera-
tions continuously on machine 2 diminishing the completion time
of player 2. Notice that o3, oy and «s are very high compared
to oy but, however, the completion times of jobs 4 and 5 can
not be reduced, while the completion time of 3 can hardly be re-
duced. Here, G;(s) =524 and the completion times for the rest
of members of coalition S are equal to the initial ones. Further-
more, the completion time of player 1 diminishes and then condi-
tion (c) holds, and the unique scheme compatible with s is as the
initial one satisfying condition (1). Then, together with o, =5, we
obtain v1¢({2, 3,4, 5}) = 5(644 — 524) = 600.

Finally, an optimal schedule for the grand coalition N, s*, is:
152 [ 3 ]

53 2 [ 1
2 4] 3 [ 1
12 4 122 242 362 522

mill
mo ]
mslp|

642 644

Roughly speaking, the high values of a3, o4 and a5, together
with the fact that there is a small room for, if possible, reduc-
ing the completion times of jobs 3, 4 and 5, enforces the grand
coalition to choose between processing the operation (3,2) on ma-
chine 2 first (as in s%), diminishing the completion time of player
2, or processing the operation (3,3) on machine 3 first (as in
s;), diminishing the completion time of player 1. Since «; is five
times o1, the first of these two alternatives is better by means of
cost savings. Here, C; (s*) = 644, C,(s*) = 522, C3(s*) = 362, while
C4(s*) = C4(sg) and Cs(s*) = Cs(sg). Therefore, and since oq =1,
a3 =5, and o3 = 50 we obtain v'¢(N) = 120 + 610 + 100 = 830.

Hence, there does not exist an allocation x € R> that satisfies
x(N) =830, x; > 240, and x, + X3 + X4 + X5 > 600, and C(v'¢) = 4.
Furthermore, in view of Proposition 6, given an arbitrary proper
coalition T c N, it holds that ¥'°(T) is smaller than or equal to
the worth of this coalition in the games (N, v*) and (N, v%°) for all
k € {1, 2, 3,4}, while, the worth of the grand coalition is the same
for these eight games. Then, we conclude that none of the games
(N, v%) and (N, v%) with k € {1, 2, 3,4} is balanced.

To finish, observe that ¥1¢(T) + v1¢(S) > v'¢(T U S) = ¥'¢(N) and
SNT = ¢. Thus, the game (N, v'¢) is neither superadditive, nor are
the games (N, v*) and (N, %) for all k € {1, 2,3, 4}.

Unfortunately, we can not use Example 17 to extend the non-
balancedness result to the games (N,vX) for k e {1,2,3,4} and
I € {a, b} that can also be associated to an open shop scheduling
problem with initial schedule. It is important to point out that
the worth of the coalition T = {1} is no longer positive with these
approaches. Then, whether or not the non-balancedness result in
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Remark 16 can be extended to these eight different games, remains
an open question.

To finish, we provide a counterexample to illustrate that fur-
ther relaxations on the admissible rearrangements lead to games
that also violate balancedness. To be precise, we wonder if for
unit open shop scheduling games, balancedness holds if we no
longer impose any condition on the associated schemes to ob-
tain admissible schedules for a coalition. Let T ¢ N, we now ad-
mit any schedule for T except if it hurts players in N\ T. Let
AS!(T) for I € {a, b, c} be the set of admissible rearrangements for
a coalition T c N that satisfies only condition (), but not neces-
sarily (1)-(4). For I € {a, b, c}, by (N,v') we denote the game asso-
ciated with an open shop scheduling problem with initial sched-
ule, (N, M, p, «, sg), where the set of admissible rearrangements is
ASI(T) for any @ # T c N. The relation among such games is stated
in the next proposition.

Proposition 18. Let (N, M, p, «, Sg) be an open shop scheduling prob-
lem with initial schedule. Then, it holds
V4(N) = v*(N) = 1°(N)

V(T < v(T) < v°(T) for all T c N.

Next, we remark the non-balancedness result.

Remark 19. Let (N, M, sg) be a unit open shop scheduling problem
with initial schedule. Then, the associated games (N, v!) for all I €
{a, b, c} need not be balanced.

In view of Proposition 18, it is enough to show that there
is (N,M,sg) such that (N,v%) is not balanced, as depicted in
Example 20.

Example 20. Consider (N, M, sg) with N = {1, 2,3}, M = {1, 2}, and
the initial schedule, sg, as follows:

my 1 2 3
my 1 3 2
Let T = {2}. Then, the optimal schedule for T, s € AS$(T), is:
m [1]2]3
my 2 1 3

Hence, v?({2}) = 3. Let S = {3}, the optimal schedule for S, s} e
ASL(S), is:

mq 1 2 3

my, | 3|1 2

and hence, v*({3})
coalition N, s*, is:

m | 1(2]3
my 2 1 3

= 1. Finally, the optimal schedule for the grand

Hence, v*(N) =3, and there does not exist an allocation x e
R3 that satisfies x; +x, +X3 =3, X, >3, x3 > 1, and x; > v*({1})
since, obviously v*({1}) = 0. Therefore, C(1?) =¢. O
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