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1. Introduction and preliminaries

An assignment market (M, M’; A) consists of two different sec-
tors: let us say a finite set of buyers M and a finite set of sell-
ers M’ (M and M’ disjoint) and a non-negative valuation matrix
A= (a,-j)j,gy/ that represents the potential joint profit obtained by

each mixed-pair (i,j) € M x M'. As in [4,2], we assume that the
assignment market is square, that is |M| = |M’|.

A matching p between M and M’ is a subset of the Cartesian
product, M x M’, such that each agent belongs, at most, to one
pair. The set of all possible matchings is denoted by M (M, M").
A matching u € M(M, M’) is optimal for the market (M, M’, A)
i) en @G = D jew G forall p € M(M, M'). We denote
by Ma(M, M’) the set of all optimal matchings for the market
(M, M’, A). The corresponding assignment game (M U M’, w,) has
a player set M U M’ and a characteristic function wa(S U T) =
MaX e p(s,1) D ijye, i forallS CMand T € M.

In this paper, we assume without loss of generality that u =
{(i, 1) | i € M}, the matching refers to the main diagonal, is optimal.
We use “j” to denote both the jth buyer and the jth seller, since the
distinction is always clear from the context.

Once a matching between buyers and sellers that maximizes the
total profit in the market has been chosen, we need to determine
how this profit can be allocated among the agents. Given an
assignment game (M U M’, wa), an allocation is a payoff vector
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(u; v) € RMI x RIM| where u; denotes the payoff to buyer [ € M
and v; denotes the payoff to seller I € M’. An imputation is a
payoff vector that is efficient, } .y ti + > iy vj = wa(M UM’)
and individually rational, u; > wy({i}) = Oforalli € M and
vj > wa({j}) = Oforallj € M'. We denote the set of imputations
of an assignment game (M U M’, wy) by I(wp).

In an assignment game, the principal section consists of impu-
tations that satisfy u; + v; = q;; for alli € M. We denote it by
B(wy). In the principal section, side-payments only take place be-
tween matched agents. There are two special and useful allocations
(named the sector-optimal allocations): (a; 0) € RM x RIM' de-
fined by a, = ay fork € Manda, = 0 fork € M’, and (0; a) €
RMI x RIM'I defined by ay = 0 for k € M and a; = ay for k € M'.

A binary relation, known as domination, is defined on the set of
imputations. Given two imputations (u; v) and (v’; v’), we say that
(u; v)dominates(u’; v') if and only if there exists (i,j) € M x M’
such that u; > uj, v; > vj and u; + v; < @;. We then write
(u; v) dom f; ; (u'; v'),and (u; v) dom”(u/'; v') to denote that (u; v)
dominates (u'; v') by means of some pair (i,j) € M x M’. Such
definition only makes use of mixed-pair allocations, and for assign-
ment games it is equivalent to the usual dominance relation in [5].

The first solution concept for coalitional games that appears
in the literature is the notion of stable set. A subset V of the
set of imputations I(w,) is a von Neumann-Morgenstern stable
set (a stable set) if it satisfies internal stability, that is, for any
(u; v), W; V') €V, (u; v) dom™('; v') does not hold; and external
stability, that is, for any (u'; v") € I(w,) \ V, there exists (u; v) € V
such that (u; v) dom?(u'; v").
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The core C(w,) is another solution concept that can also be
defined, see [1], by means of the dominance relation: it is the set
of undominated imputations.

Equivalently, an imputation (u; v) € I(ws) belongs to the
core of the assignment game C(w,) if for all (i,j) € M x M’ it
holds u; + v; > aj. It is shown in [3] that an assignment game
(M U M’, wy) always has a non-empty core. Notice that the core
always satisfies internal stability but may fail to satisfy external
stability. This raises the question as to which valuation matrices
correspond to assignment games with an externally stable (and
hence stable) core.

Solymosi and Raghavan introduce in [4] the dominant diagonal
property for valuation matrices. A square valuation matrix A has
a dominant diagonal if all diagonal elements are row and column
maxima: a; > max{aj, a;;} forall (i, j) € M xM’. Hence, an optimal
matching is placed on the main diagonal. It is straightforward to
see that a valuation matrix A has a dominant diagonal if and only if
the sector-optimal allocations (a; 0) and (0; a) belong to the core.
It is then proved in [4] that “the core of a square assignment game
(M UM’ w,) is a von Neumann-Morgenstern stable set if and only if
the valuation matrix A has a dominant diagonal”. The authors’ proof
is based on graph-theoretical arguments while here we base ours
on the properties of the buyer-seller exact representative of an
assignment game proposed in [2].

Given any assignment game (M UM’, w,), there exists a unique
valuation matrix A" such that C(ws) = C(war) and A" is the
maximum with this property. That is, if any entry in A" is raised,
the resulting game has a different core. As a consequence, if the
matrix A" is the buyer-seller exact representative of A, then for all
(i,j) € M x M’ there exists (u, v) € C(war) such thatu; +v; = a{j.
Notice that for each (i,j) € M x M’, afj is the lower bound for the
joint payoff of agents i € M andj € M’ in the core.

Based on [2], we are now able to offer a proof of the character-
ization of core stability for assignment games alternative to that
provided in [4]. The advantage of this new approach is that it re-
lies solely on the structure of the assignment game, that is, on the
known bounds for the payoff to each mixed-pair in the core. For
this reason, it might be possible to apply these ideas to the charac-
terization of core stability for markets with more than two sectors,
which, to the best of our knowledge, remains an open question.

2. Core stability

In this section, we provide the main result of this paper, an
alternative proof of the characterization of core stability for the
two-sided assignment game.

To do so, we first show that when the valuation matrix has a
dominant diagonal, each core allocation can be connected to the
two sector-optimal allocations, (a; 0) and (0; a), by a continuous
monotonic curve with parameter t. Shapley claims this lemma but
does not offer the proof.

Lemma 1. Let (M UM’, w,) be a square two-sided assignment game
such that its valuation matrix A has a dominant diagonal. Given any
vector belonging to the core of the game, (u; v) € C(wa), and any
T € R, the vector (u(t); v(t)) defined by

ui(t) = med {0, u; — 7, a;} forallie M, (1)
vi(tr) = med {0, v; + 7, a;} forallie M,
belongs to C(wj,).

Proof. Note first that for ; = max;ey a;, (U(t1); v(11)) = (0; a)
and for i, = —1q, (U(12); v(1y)) = (a;0). Notice that since
(u; v) € C(wya), we have u; + v; = a;; for alli € M and hence,
forallt e Randallie M

(ui — 7). (2)

Vit T =0 — U+ T =0 —

It is then straightforward to show that u;(t) + vi(t) = a; for all
ieM.

Take now i # j and consider three different cases to check that
(u(t); v(r)) satisfies the core constraints:

1. © < —min{v;, vj}, that is either u;(z) = a; or vj(r) = 0.In the
first case, u;(tr) = a;, we have u;(7) + vj(r) > u;(v) = a; > a5
where the last inequality follows from the dominant diagonal
assumption. Otherwise, if u;(t) < a; and vj(r) = 0, then since
vj(t) = med{0, v; + 7, a;}, v; + T < 0.This implies T < 0 and
also ui(t) + vj(tr) = u; — v > u; + v; > a;, where the last
inequality follows from (u, v) being in the core.

2. T > min{uy;, y;}, that is either vj(r) = aj or ui(r) = 0. If
vi(t) = a; then u;(t) + vj(r) > a3 > a; because of the
dominant diagonal assumption. If vj(t) < a; but u;(r) = 0,
since u;(t) = med{0, u; — 7, a;;}, we have u; — t < 0. Then,
T > 0and hence u;(t) +vj(r) = vj(r) = vj+71 > vj+u; > aj,
where the last inequality follows from (u, v) being in the core.

3. —min{v;, vj} < v < min{u;, y;}. This implies u;(r) = u; — 7
and vj(r) = v; 4+ t and hence, again from (u, v) being in the
core, ui(t) + vi(t) = u; +v; = ;. O

Next, to show that the core of a square two-sided assignment
game is a von Neumann-Morgenstern stable set if and only if its
valuation matrix has a dominant diagonal, we need to prove the
following lemma that states a property of the principal section.

Lemma 2. Let (MUM’, wya) be a square two-sided assignment game
with an optimal matching on the main diagonal. Given (x;y) €
B(wa) \ C(wp), there exist a pair (i, j) € M x M’ and a core allocation
(u; v) € C(wa) such that x; +y; < aj = u; + vj.

Proof. From [2], for any assignment game (M U M’, w,) there
exists another assignment game (M UM’, war ) with the same core,
C(wa) = C(war), and A" maximum with this property. Hence, if
(x; ) & C(wa), then (x; ¥) & C(war). This means x; + y; < a{j for
some (i, j) € M x M’ and there exists a core allocation (u; v) such
that

Xi+ Yy < af = u; + vy (3)

If a{j = a;;, the lemma is proved. Otherwise, by the definition of A",
see page 433 in [2], aj; = @ik, + Giyk, + Aiyks + -+ + Gij — Qigiy —
-+ — 0k forsomek, ..., k- € M\ {i, j} and all of them different.
Since (u; v) is a core allocation and the main diagonal is an

optimal matching,

Ui + Vj = Gty + Aigiy + -+ F j — Aieqiey — =+ — iy
= Qigy + Aigky + - -+ i
— (Ug, +vgg) — - = (U + vg,). (4)
By rearranging (4), we obtain
Ui + Uiy + Uiy + Vky + -0+ U + V5 = iy + -0+ Ay (5)

From (u; v) € C(wj,), and (5), we obtain
uy, + v, = ay,

forall (I1, L) € {(i, k1), (k1. ka), ..., (kr—1, k), (ke D).
Since (x; y) € B(wy), we know x; + y; = ai = u; + v, for all
t € {ki, ko, ...,k }.Now,

.
XtV X Y+ X F Y =Xy Y X+ Yy
=1

.
<ui+v+ E Uy, + v
=1

= Ui+ Vg +Upy + Uy + -+ U, + 0
= Qig; + -+ -+ A,
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where the inequality follows from (3) and the last equality follows
from (5).

Then, X;+ Yk, +Xk, +Vky -+ -+ Xk, +Yj < Giky + gk, +- + -+ Ui
This means that x; + yi, < Qi = Ui + Vg, OT X, + Yj <
Qj = Uk, + U}, OF Xy + Yy < Oikyy = Uk T Uk, for some
le{l,...,r—1}. O

We can now state and prove the main result.

Theorem 3. Let (M U M’, w,) be a square assignment game with
an optimal matching on the main diagonal. Then the following
statements are equivalent:

(i) A has a dominant diagonal,
(ii) C(wy) is a von Neumann-Morgenstern stable set.

Proof. We first consider (i) = (ii). The core of an assignment game
is always internally stable, thus we only need to settle the external
stability. When an allocation (x;y) belongs to I(wa) \ B(wa),
Shapley shows in his personal notes that it is dominated by some
core allocations. Here, we reproduce the proof for completeness.
Assume (x;y) € I(wa) \ B(w,). Since (x;y) € I(wp) and p =
{(k, k)|k € M} is an optimal matching, Y, .y Xk + Yk = 2 gepr ik
Moreover, since (x;y) & B(w,), there is some i € M such that
Xi + i # a;. We can assume x; + y; < a; since if Xy + yy > ayy
for some i’ € M, because of D", Xk + Yk = ey Okk» there is
i e M\ {i'} withx; +y; < a;. Thus, x; < a; —y;, which implies that
there exists 0 < x; < A < a;; — y; < a;;. By Lemma 1, there exists
(u; v) € C(wy) with u; = A. Then, u; > x; and u; < a; — y; which
implies y; < a;; — u; = v;. Moreover, x; +y; < a; = u; + v;. Hence,
(u; v) domf ;, (x; y).

Assume now that (x; y) € B(wa) \ C(ws). We know by Lemma 2
that there exist a pair (i, j) € M x M’ and (u; v) € C(w,) such that
X +Yyj < aj = u; + v;. Now, assume without loss of generality
u; > x;.If also v; > yj, we obtain (u; v) domyf  (x: y).

Otherwise, assume v; < y;. Since both (x; y) and (u; v) belong
to B(wa),%; +y; = u; +v; = a;. Then, u; > x;. Notice that
u > xi+yj—vj = Xj+(Uj+Uj—Xj)—vj = X,‘+uj'—Xj.
Hence,

Uj — uj + X< X;j. (6)

We want to show that a core allocation exists that dominates (x; y)
via coalition {i, j}. To this end, we consider some cases:

1. x; > 0. Consider two cases:

(@Q)0 < Xx; < a;. Consider the continuous monotonic
curve defined as in (1) through (u; v), and take the point
corresponding to t¥ = u; — x; — ¢ where 0 < ¢ < a; — x;.
We prove that for some 0 < ¢ < a; — x;, (U(t®); v(7%))

dominates (x;y) via {i, j}. Notice that, forall0 < & <
ai; — X, Ll,'(Tg) = med{O, U —uj+x;+¢&, aﬁ} =X+ & > X;.
Now, since u;(t¥) = med{0, u; — u; + x; + &, a;;} and by
(6) uj — u;j + X < X; < a, there exists 0 < &1 < a; — X;
small enough such that u;(t*') # aj;. Then, we examine two
cases:
i uj(r®) = uj — u; + x; + &;1. Notice that u;(r°) >
X;, uj(t®") < X; or equivalently v;(r®') > y; which
together with u;(z°1) + v;(*') = u; + v; = a;; proves
(u(e™); v(z®) domf  (x: y).
ii. uj(r°) = 0 < x;. Then, vj(z°') = a; > y;. Moreover,
vj(t°1) = a; implies v;(t®") < v; + 1. Since u;(z°1) =
Xi+e = u;—1°1, we have u;(t°1) +v;(7°1) < uj+v; = ay.
Together with v;(t°!) > y; and u;(t®') > x; this implies
that (u(z*1); v(z®1)) domf; ; (x; y).
(b) x; = a;. Since, by assumption, u; > x;, we obtain a; = x; <
u; which contradicts (u; v) € C(w,).
2. X; = 0.Since (x; y) € B(wa),y; = a;;. We obtain from x; + y; <
a; that @ < aj, which contradicts the dominant diagonal as-
sumption regarding the valuation matrix.

This shows that any (x; ¥) € B(w,) \ C(w,) is dominated by a core
allocation via coalition {i, j}, which concludes the proof of (i) = (ii).

Next, we prove (ii) = (i). Suppose A does not have a domi-
nant diagonal, then the sector-optimal allocation (a; 0) does not
belong to the core. On the premise that C(w,) is a von Neumann-
Morgenstern stable set, there exists (u; v) € C(w,) such that
(u; v) dom’{‘u} (a; 0) for some (i,j) € M x M’. So that, u; > aj;, a
contradiction of (u; v) € C(w,y). O

Acknowledgments

The author thanks Marina Nufiez for her invaluable advice
and an anonymous referee for helpful comments, and acknowl-
edges support from research grant 2014SGR40 (Generalitat de
Catalunya).

References

[1] D.B. Gillies, Solutions to general non-zero-sum games, in: A. Tucker, R.D. Luce
(Eds.), Contributions to the Theory of Games, IV, in: Annals of Mathematics
Studies, vol. 40, 1959, pp. 47-85.

[2] M. Nafiez, C. Rafels, Buyer-seller exactness in the assignment game, Internat. J.
Game Theory 31 (2002) 423-436.

[3] L.Shapley, M. Shubik, The assignment game I: the core, Internat. J. Game Theory
1(1972) 111-130.

[4] T. Solymosi, T.E.S. Raghavan, Assignment games with stable core, Internat. J.
Game Theory 30 (2001) 177-185.

[5] J. von Neumann, O. Morgenstern, Theory of Games and Economic Behavior,
Princeton University Press, Princeton, New Jersey, 1944.


http://refhub.elsevier.com/S0167-6377(17)30139-6/sbref1
http://refhub.elsevier.com/S0167-6377(17)30139-6/sbref2
http://refhub.elsevier.com/S0167-6377(17)30139-6/sbref3
http://refhub.elsevier.com/S0167-6377(17)30139-6/sbref4
http://refhub.elsevier.com/S0167-6377(17)30139-6/sbref5

	An alternative proof of the characterization of core stability for the assignment game
	Introduction and preliminaries
	Core stability
	Acknowledgments
	References


