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ABSTRACT

We introduce the horizon-k vNM stable set to study one-to-one priority-based matching problems with limited farsightedness.
We show that, once agents are sufficiently farsighted, the matching obtained from the Top Trading Cycles (TTC) algorithm
becomes stable: a singleton set consisting of the TTC matching is a horizon-k vNM stable set if the degree of farsightedness is

greater than three times the number of agents in the largest cycle of the TTC. Our main results do not hold per se for many-to-

one priority-based matching problems: more coordination and cooperation on behalf of the agents are required. In the presence

of couples, farsightedness may improve both efficiency and stability. When each agent owns an object, a singleton set consisting

of the TTC matching is the unique horizon-k vNM stable set.

1 | Introduction

Many objects such as houses, school seats, jobs, or organs
are allocated based on the preferences of the agents and
their priorities.! Two prominent mechanisms used for
priority-based matching are the Gale and Shapley's (1962)
Deferred Acceptance (DA) mechanism and the Shapley and
Scarf's (1974) Top Trading Cycles (TTC) mechanism, applied
across the globe in different forms, such as public school
choice, subsidized housing assignment, and cadaver organ
allocation.”? However, none of them satisfies two important
properties: the TTC mechanism is Pareto-efficient while the
DA mechanism may select an inefficient matching; the DA
mechanism is stable while the TTC mechanism may select an
unstable matching.?

Two approaches for analyzing the stability of matchings have
been proposed in the literature depending on whether and how
far agents anticipate that their actions may also induce others to
change their matches. On the one hand, standard stability
concepts involve fully myopic agents in the sense that they do
not anticipate that others might react to their actions. On the
other hand, a number of solution concepts involve perfectly

© 2025 Wiley Periodicals LLC.

farsighted agents who fully anticipate the complete sequence of
reactions that results from their own actions.

However, experimental evidence suggests that subjects are
consistent with an intermediate degree of farsightedness: agents
only anticipate a limited number of reactions by the other
agents to the actions that they take themselves. Moreover,
recent experiments on network formation provide evidence in
favor of a mixed population consisting of both myopic and
(limited) farsighted individuals.* Farsighted behavior on one
side of the market is observed in several priority-based match-
ing problems. Public school teachers in France can apply
every year to be transferred to another school. The transfer is
done through a centralized mechanism, where teachers report a
list of preferences over schools and priority rules determine who
gets what. Priorities are based on a score with criteria set by
law that vary over time depending on seniority but also, for
instance, if a teacher has taught 5 years in a disadvantaged
school. In this case, when a teacher must decide to apply to
transfer from one school to another during her career, she takes
into account how such decision and her former experience will
impact her future score, and thus her chances for later transfers
(see Combe et al. 2022). A patient in need of a kidney faces
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several options for treatment. One can wait to receive an offer of
a deceased donor transplant, or one can rely on a compatible or
incompatible living donor and join a Kidney Exchange Program
to exchange her donor for a more compatible donor
from another incompatible pair. The procedure for allocating
deceased donor kidneys prioritizes certain types of patients,
such as young or hyper-sensitized ones. The availability of a
compatible or incompatible living donor impacts the decision of
a patient on whether to accept a deceased donor kidney offer
and her score in the priority list (see Ashlagi and Roth 2021).

Existing literature that examines the trade-off between stability
and efficiency tends to adopt a myopic perspective. In one-to-
one priority-based matching problems, is it possible to stabilize
the matching obtained from the DA or TTC algorithm when
agents are limited farsighted? If so, to what extent do agents
need to be farsighted? What happens if there could be multiple
units/copies of each object or if agents either form couples or
own the objects?

To answer these questions, we introduce the notion of the
horizon-k vNM stable set to study the matchings that are stable
when agents are limited in their degree of farsightedness.” A
horizon-k improving path for priority-based matching problems
is a sequence of matchings that can emerge when limited far-
sighted agents form or destroy matches based on the improve-
ment that the k-step ahead matching offers them relative to the
current matching. Along a horizon-k improving path, one agent
moves at a time and an agent can match to an object if either
the object is unassigned or she has higher priority than the
agent who was assigned to the object so far.® A set of matchings
is a horizon-k vNM stable set if (Internal Stability) for any two
matchings belonging to the set, there is no horizon-k improving
path from one matching to the other one, and (External Sta-
bility) there always exists a horizon-k improving path from
every matching outside the set to some matching within the set.

We show that, once agents are sufficiently farsighted, the
matching obtained from the TTC algorithm becomes stable in
one-to-one priority-based matching problems. Precisely, a sin-
gleton set consisting of the TTC matching is a horizon-k VNM
stable set if the degree of farsightedness is greater than three
times the number of agents in the largest cycle of the TTC. We
provide a constructive proof where we build step by step a
horizon-k improving path from any matching leading to the
TTC matching. Along the horizon-k improving path, agents
move one at a time and agents belonging to cycles sequentially
act in the order of the formation of cycles in the TTC algorithm.
Looking forward k steps ahead, agents belonging to a cycle first
match one by one to the object that ranks them first on their
priority list. Second, they give up one by one their object, and by
doing so, vacating the object. Third, they match one by one to
the object that they are assigned to in the TTC matching. The
number of steps in this improving path is at most equal to three
times the number of agents in the largest cycle of the TTC.
Hence, looking forward such a number of steps ahead allows
the agents to anticipate ending up with their TTC matches, and
by doing so, they have incentives for engaging a move toward
the matches that they have in the TTC matching. Thus, the
matching obtained from the TTC algorithm is not only Pareto-
efficient and strategy-proof but it is also horizon-k vNM stable.

On the contrary, the matching obtained from the DA algorithm
may not belong to any horizon-k vNM stable set for k large
enough.

Notice that a singleton set consisting of the TTC matching is even
a horizon-k vNM stable set for lower degrees of farsightedness. In
fact, it is a horizon-k vNM stable set for k greater than or equal to
the number of agents in the largest cycle plus two. However, such
lower degrees of farsightedness require more coordination
and cooperation on behalf of the agents along some horizon-k
improving paths toward the TTC matching.

Our main results are robust to an alternative concept for limited
farsightedness, which is obtained by adapting Herings et al.
(2019)'s definition of a horizon-L farsighted set of networks to
priority-based matching problems. This concept mainly replaces
the internal stability condition of the horizon-k vNM stable set
by two alternative conditions: deterrence of external deviations
and minimality.

We next show that, once agents become farsighted, one has to
distinguish between priority-based matching problems with
multiple units of each object or multiple copies of each object.
An object is said to be a copy of another object if both objects
have the same priority list over the agents and all agents are
indifferent between both objects. Our main results basically
hold with multiple copies. However, in the presence of multiple
units of each object, more coordination and cooperation on
behalf of the agents are required to sustain the TTC matching as
a singleton horizon-k vVNM stable set: one needs to allow a
group of agents to move all together along the horizon-k im-
proving paths. Indeed, Atay et al. (2025) show that, for school
choice problems (i.e., many-to-one priority-based matching
problems) with farsighted students and coalitional deviations, a
singleton set consisting of the TTC matching is a vNM far-
sighted stable set.”

In matching markets with couples, members of a couple do not
only care about their own assignment but also about their
partner's assignment. When all couples are myopic, a Pareto-
dominated matching may be the unique stable matching even if
there is some agent who has the highest priority for every
object. In addition, there may not even exist a stable matching.®
Once couples become farsighted, we find that, if there is some
agent who has the highest priority for every object, then each
Pareto-efficient matching where the couple of this agent gets
their most preferred matches is a singleton horizon-k vVNM
stable set for k large enough. Thus, farsightedness may improve
both efficiency and stability.

Finally, we show that, in the case of private endowments where
each agent owns an object, a singleton set consisting of the TTC
matching is the unique horizon-k vNM stable set if the degree of
farsightedness is greater than three times the number of agents
in the largest cycle of the TTC.

The paper is organized as follows: In Section 2, we introduce
priority-based matching problems and we provide a formal
description of the TTC mechanism and its algorithm. In
Section 3, we introduce the notion of a horizon-k vNM stable set
and we provide our main result. We also look at the robustness
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with respect to an alternative concept of limited farsightedness
and multiple units/copies of each object. In Section 4, we
consider priority-based matching problems with couples. In
Section 5, we look at the matching problem where each agent
owns an object. In Section 6, we conclude.

2 | Priority-Based Matching Problems

A priority-based matching problem is a list (I, S, P, F) where (i)
I =i, ..., iy} is the set of agents, (ii) S = {sy, ..., Sn} is the set of
objects, (iii) P = (P, ..., P;,) is the preference profile where P, is
the strict preference of agent i over the objects and her outside
option, and (iv) F = (K, ..., F;,) is the strict priority structure of
the objects over the agents. Let i be a generic student and s be a
generic object. We write i for singletons {i} C I and s for sin-
gletons {s} C S. The preference P, of agenti is a linear order over
S U i. Agent i prefers object s to object s’ if sPs’. Object s is
acceptable to agent i if sBi (i.e., sBi means that i strictly prefers
s to her outside option). We often write P, = s, s’, s” meaning
that agent i's most preferred object is s, her second best is s, her
third best is s”, and any other object is unacceptable for her. Let
R; be the weak preference relation associated with the strict
preference relation P,. The priority F; of object s is a linear order
over I. That is, F5 assigns ranks to agents according to their
priority for object s. The rank of agent i for object s is denoted
by FE(i) and FK(i) < F(j) means that agent i has higher
priority for object s than agent j. For s€ S,i€l, let
F*(s,i) = {j € IIF,(j) < E(i)} be the set of agents who have
higher priority than agent i for object s.

A matching outcome u of a priority-based matching problem is
a set of ordered pairs {(i, j ) }icrjesug such that for alli € I and
all s € S the following hold: (i) for each agenti € I, there is a
unique j € S U {i} with (i,j) € u, and (ii) for each objects € S,
it holds that #{i € Il(i, s) € u} <1. Fori € I, we write j = u(i)
if(i,j) € u; for s € S, we write i = u(s) if (i, s) € u. Condition
(i) means that agent i is assigned to object s under u if u(@i) = s
and is unassigned under y if u(i) = i. Condition (ii) requires
that no object is assigned to more than one agent. The set
of all matchings is denoted M.? For instance, u = {(i, 5,),
(i3, 83), (i3, 81), (ig, i4)} is the matching where agent i; is assigned
to object s,, agent i, is assigned to object s;, agent i3 is assigned
to object 51, and agent i4 is unassigned.

A matching u’ Pareto-dominates a matching u if p' (i) R;u (i) for
alli € I and u'(j)Pu(j) for some j € I. A matching is Pareto-
efficient if it is not Pareto-dominated by another matching. A
matching u is stable if: (individual rationality) for all i € I we
have u(i)R;i; (non-wastefulness) for all i € I and all s € S, if
sPu (i) then #{j € Ilu(j) = s} = 1; and (no justified envy) for all
i,j €I with u(j) =s, if u(j)Pu(i) then j € F*(s, i).

A mechanism systematically selects a matching for any given
priority-based matching problem (I, S, P, F ).10 Abdulkadiroglu
and Sonmez (2003) introduce the Top Trading Cycles (TTCs)
mechanism for selecting a matching for general priority-based
matching problems. In the case of a priority-based matching
problem, the TTC mechanism finds a matching by means of the
following TTC algorithm.

Step 1. Each agenti € I points to the object that is ranked
first in B. If there is no such object, then agent i
points to herself and she forms a self-cycle. Each
object s € S points to the agent that has the
highest priority in F. As the number of agents and
objects are finite, there is at least one cycle. A
cycle is an ordered list of distinct objects and
distinct agents (s', il, s2, ..., ', i), where s' points
to i' (denoted s' — i), i' points to s? (i' - s?), s!
points to i (s' — i), and i! points to s' (i — s').
Each object (agent) can be part of at most one
cycle. Every agent in a cycle is assigned to the
object that she points to and she is removed.
Similarly, every agent in a self-cycle is not
assigned to any object and is removed. If an object
s is part of a cycle, then s is removed. Let
C = {c}, e ..., clLl} be the set of cycles in Step 1
(where L; >1 is the number of cycles in Step 1).
Let L, be the set of agents who are assigned to
some object at Step 1. Let S; be the set of objects
that are assigned to some agent at Step 1. Let m!
be all the matches from cycle ¢} that are formed in
Step 1 of the algorithm:

if ¢ # (j)
if ¢} = (j)

. {(i, s)li,s € ¢} and i s}
m =

{(G.0)}
(€Y)

where (j, j) simply means that agent j who is in a self-cycle
ends up being definitely unassigned to any object. Let
M, = UR, m! be all the matches between agents and objects
formed in Step 1 of the algorithm. Let ¢} = #{i elie c{} be
the number of agents involved in cycle ¢}, for I = 1, ..., Ly.
Let & = max{E}, - Efl}.

Step k >2. Each remaining agent i € I\ /= I points to the

object s € S\Uf‘;ll S; that is ranked first in B. If
there is no such object, then agent i points to
herself and she forms a self-cycle. Each object
s € S\U/Z!' S points to the agent j € I\UZ! I
that has the highest priority in F. There is at least
one cycle. Every agent in a cycle is assigned to the
object that she points to and she is removed.
Similarly, every agent in a self-cycle is not
assigned to any object and is removed. If an object
s is part of a cycle, then s is removed. Let
Ci = {ck 3, ..., cﬁ"} be the set of cycles in Step k
(where L; >1 is the number of cycles in Step k).
Let I, be the set of agents who are assigned to
some object at Step k. Let Sk be the set of objects
that are assigned to some agent at Step k. Let m}
be all the matches from cycle ¢}, that are formed in
Step k of the algorithm:

{(i, s)li,s € ch and i — s} if cfc # (j)

(.} if ¢ = ()

)
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Let My = UM, m} be all the matches between agents and
objects formed in Step k of the algorithm. Let
¢ = #{i e llieck} be the number of agents
involved in cycle ¢k, for I=1,..,L. Let
e max{éi, - Eﬁk}.

End. The algorithm stops when all agents have been
removed. Let k be the step at which the algorithm
stops. Let uT denote the matching obtained from
the Top Trading Cycles mechanism and it is given
by uf = U, My, Let y = max{c{“ax, ckm"‘x} be
the maximum number of agents involved in any
cycle of the TTC.

One property of the TTC algorithm is that, for any
k' € {1, ..,k — 1}, given all the matches already settled, i.e.,
Uk=1 My, agents involved in cycle ckr,y, [ € {1, ..., L4}, of Step
k' + 1 of the TTC algorithm obtain their best possible assignment
in ml,,. Hence, the TTC mechanism is Pareto-efficient. In
addition, this mechanism is also strategy-proof (see Abdulk-
adiroglu and Sonmez 2003). Meanwhile, TTC is individually
rational and non-wasteful; it is not stable.!’ Another mechanism
that is commonly adopted all over the world is Gale and Shapley's
Deferred Acceptance (DA) algorithm. Let uP denote the matching
obtained from the DA mechanism. The DA mechanism is
strategy-proof and stable but not Pareto-efficient.*?

3 | Horizon-k Vnm Stable Set

3.1 | Definitions

Is it possible to stabilize the matching obtained from the TTC
algorithm once agents become limited farsighted? If yes, how
much farsightedness from the agents do we need? To answer
this question, we propose the notion of a horizon-k vNM stable
set for priority-based matching problems to study the matchings
that are stable when agents are limited in their degree of
farsightedness.

A horizon-k improving path for priority-based matching prob-
lems is a sequence of matchings that can emerge when limited
farsighted agents form or destroy matches based on the
improvement that the k-steps ahead matching offers them rel-
ative to the current matching. A set of matchings is a horizon-k
VvNM stable set if (Internal Stability) for any two matchings
belonging to the set, there is no horizon-k improving path from
one matching to the other one, and (External Stability) there
always exists a horizon-k improving path from every matching
outside the set to some matching within the set.

Given a matching u € M with agent i € I assigned to object
s € S, so u(i) = s, the matching ' that is identical to u, except
that the match between i and s has been destroyed by i, is
denoted by u' =u — (i,s) + (i,i). Given a matching u € M
such that i €I and s € S are not matched to one another,
the matching u’ that is identical to u, except that the pair
(i,s) has formed at u', is denoted by u =pu+ (i,s)
=, 1 (@) = {G, D) = s} +{G, DG = 537

Definition 1. Let (I, S, P, F) be a priority-based matching
problem. A horizon-k improving path from a matching u € M

to a matching u' € M\{u} is a finite sequence of distinct
matchings {4, ..., 4; With u, = ¢ and y;, = p’ such that for every
le{o,..,L — 1} either

i . =m — @,5)+ (i) for some (i,s) € I x S such that
Mming+k,r3 Oy (), or

iopyy =+ 0s) = @) — {0, 9) () = st+{0, )]
w(j)=s} for some (i,s)€IxS such that
Moming+k,py D P (1) and F () < E() if g (s) = j.

Definition 1 tells us that a horizon-k improving path for priority-
based matching problems consists of a sequence of matchings
where along the sequence, agents form or destroy matches based
on the improvement that the k-steps ahead matching offers them
relative to the current one. Precisely, along a horizon-k improving
path, each time some agent i is on the move, she is comparing her
current match (i.e., i;(i)) with the match that she will get k steps
ahead on the sequence (i.e., u;, (i), except if the end matching of
the sequence lies within her horizon (i.e., L <1 + k). In such a
case, she simply compares her current match (i.e., y;(i)) with the
end match (ie., y; (i)).

Objects can be assigned to any agent on their priority lists
unless they have already been assigned to some agent. When an
object s € S is already assigned to some agent y;(s) at y, this
object s can be reassigned to another agent y;,(s) # u;(s) at
u;,, only if agent w4, ,(s) has a higher priority than agent y,(s).

Let some u € M be given. If there exists a horizon-k improving
path from a matching u to a matching ', then we write
u —, p'. The set of matchings u’' € M such that there is a
horizon-k improving path from u to y’ is denoted by ¢, (1), so

¢ (W) = ' € Mip - p'}.

Definition 2. Let (I, S, P, F) be a priority-based matching
problem. A set of matchings V' C M is a horizon-k vNM stable
set if it satisfies:

i. For every u,u’ € V, it holds that u’ & ¢, ().
ii. For every u € M\V, it holds that ¢, (W) N V # @.

Condition (i) of Definition 2 corresponds to internal stability
(IS). For any two matchings x4 and y’ in the horizon-k vNM
stable set V/, there is no horizon-k improving path connecting u
to u'. Condition (ii) of Definition 2 expresses external stability
(ES). There exists a horizon-k improving path from every
matching u outside the horizon-k vNM stable set V' to some
matching in V.**

3.2 | Main Result

Remember that y = max{c‘f‘a", . ckm‘”‘} is the maximum num-

ber of agents involved in any cycle of the TTC.

Theorem 1. Let {I,S,P,F) be a priority-based matching
problem and u' be the matching obtained from the TTC
mechanism. The singleton set {uT} is a horizon-k VNM stable set
fork >3y —1).
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Theorem 1 shows that, once agents are sufficiently farsighted
(i.e., k >3y — 1), the matching obtained from the TTC algo-
rithm is stabilized. All the proofs not in the main text can be
found in the appendix. In Example 1, we provide the basic
intuition behind Theorem 1 and its proof. In addition, it shows
that, once agents are no more myopic, the matching obtained
from the DA algorithm may become unstable.

Example 1. Consider a priority-based matching problem
(I, S, P, F) with I= {ila iz, 13} and S = {Sl, 82, S3}. Agents'
preferences and objects' priorities are as follows."
Agents
P; P;, P;,
51 51 52
S3 $2 S1
SH S3 $3
Objects
Eﬁl Efz E‘f{
] ) )
i1 il i3
) i i}

In Example 1, uT = {(iy, s3), (iz, 51), (i3, 52)} is the matching
obtained from the TTC algorithm. In the first round of the TTC
algorithm, there is one cycle where agent i, points to object s,
object 57 points to agent i3, agent i; points to object s,, and object
s, points to agent i,. That is, C; = {c}} with ¢} = (sy, 13, 53, ip).
Agent I, is assigned to object s; and agent i is assigned to object
so:mi = {(ia, 51), (i3, 52)}, and so i, and i3 exchange their priority.
In the second round of the TTC algorithm, there is only one
leftover agent, i, who points to object s;, and one leftover object,
s3, that points to agent ij. That is, C, = {c%} with ¢l = (s3, iy).
Agent i is assigned to object s;: m) ={(i,s;)}, and so
ul =miuml

From Theorem 1, we know that {u”} is a horizon-k vNM stable
set for k > 3y — 1. Indeed, if k > 3y — 1, then from any u # u’,
there exists a horizon-k improving path leading to u’. Notice
that y =c™ =2. Take, for instance, the matching
u = {(iy, s1), (i, 52), (i3, $3)}. We now construct a horizon-k im-
proving path from u to uT = {(iy, s3), (iz, s1), (i3, 5)} following
the steps as in the proof of Theorem 1 that can be found in the
appendix. This horizon-k improving path consists of a sequence
of distinct matchings, t,, iy, iy, M3, By, M5 With

Mo = {(i1, s1), (i, 52), (35, $3)} = W,
uy =@, i), (B, 52), (i3, s},

My = {(iy, 1), (2, 52), (i3, 3)}

M3 = {(iy, 1), (B2, s1), (83, 13) },

My = {1, 1), (&2, $1), (i3, 52) 1,

us = {(i1, 83), (2, 51), (i3, $2)} = "

First, we consider agents and objects belonging to the cycles in
C;. Notice that mi = {(iy, 51), (i3, 52)} Ny, = @. Looking

forward toward u, and u? (where p,(i3) = u’(i3)), agent i
matches to the object s; that ranks her first on its priority list to
reach the matching u, = {(i1, iv), (i2, 52), (i3, 51)} where agent i3
is matched to the object in ¢} where she has priority. By doing
so, agent i, is left without object. In y, (and p,), agent i, is
already matched to the object in ¢} where she has priority."
Next, agent i; leaves her object s; to reach the matching
w, = {(i1, i), (&2, 82), (i3, 13)} where agent i3 is not assigned to any
object. Agent i3 is temporarily worse off, but she anticipates to
end up being matched with u” (i3). Next, agent i, matches to s;
that was left unassigned to reach the matching
sy = {(, i), (2, 51), (i3, i3)}. Next, agent i; matches to s, that was
left by i, to reach the matching u, = {(i, ir), (2, 51), (i3, 52)} with
m; = {(iz, 1), (i3, 52)} C . Finally, we consider agents and
objects  belonging to the cycles in G, As
m = {(ii, s3)} N 44 = @, agent i is assigned to object s; to form
the match (i}, s;) and to reach the matching us = u’. Thus,
K€ ¢y (1)

We now show that the matching uP = {(iy, s3), (iz, 82), (i3, 51)}
obtained from the DA algorithm as well as the matching
obtained from the Immediate Acceptance (IA) algorithm,
uB = {(iy, 81), (iz, 83), (i3, $2)} # #°, do not belong to any
horizon-k vNM stable set for k >5. As agent i; is as well
off and agents i, and i; are strictly better off in u” than in
uP, we have that there is no horizon-k improving path from
uf to uP for k > 5. That is, uP & ¢, (uT) for k > 5. Hence, {ul}
is not a horizon-k vNM stable set for k > 5, as (ES) is vio-
lated. Let

ut={(, s1), (2, ), (B3, 52)3,
u* = {(ir, 1), (2, 83), (i3, 52)} = B,
W ={(, 81), (&2, 52), (35, i3)},
ut = {(i, 51), (B2, 52), (B3, 53)},
W = {(in, ), (B2 52), (i3, 1)}

Computing the horizon-k improving paths emanating from u”
for k>5, we obtain ¢, (uT) = {u!, u2, u3, u*}. Notice that
w & ¢, (ul) as agent i is worse off in y° than in u’. From
ut, w2, 13, u* and g, there is a horizon-k improving path to uP,
ie, uP € ¢ (w) for u e {ut, p?, 13, u*, w}. From uP, there is
only a horizon-k improving path to u?, ie., ¢, (uP) = {u*} for
k > 5. For a set V 2 {uP} to be a horizon-k vNM stable set, we
need that (i) u” ¢ V (otherwise (IS) is violated), (ii) a single
u € {ut, 12, 13, u*} should belong to V to satisfy (ES), as
ul & ¢, (uT) for k > 5. However, V would then violate (IS) as
ul e ¢ () for pe{uwt,u? ud u*, 15}, Thus, there is no
horizon-k vNM stable set V such that u? € V for k > 5.

Is V = {u} the unique horizon-k vNM stable set for k > 5 in our
example? Any other set V' such that u” € V' violates (IS), and
hence, uT & V'. Then, uP € V' because, otherwise, V' violates
(ES) as ¢, (uP) = {uT} for k > 5. As already shown, there isno V’
such that uP € V' that is a horizon-k vNM stable set for k > 5.
Hence, we have that V = {uT} is the unique horizon-k stable set
for k > 5.

Thus, the DA matching uP and the IA matching u® do not
belong to any horizon-k vNM stable set for k >5. As the
matching obtained from the IA algorithm is Pareto-efficient,
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Example 1 also shows that there are priority-based matching
problems where some Pareto-efficient matching does not
belong to any horizon-k vNM stable set for k > 3y — 1.

What happens if k becomes small? Computing the horizon-k im-
proving paths emanating from u” for k <4 in Example 1, we
obtain ¢, (uT) = {ut, p?, 3, u*, u, uP}. So, there is now a
horizon-k improving path from u’ to wP. In addition, from
b, w2, 13, u* and o, there is still a horizon-k improving path to
uP. That is, uP € ¢, (u) for u € {ut, pi?, 13, u*, wd, uT} for k <4.
From pP, there is no horizon-k improving path for k < 2, but there
isone for3 <k <4, ie, ¢, (uP) = @ for k <2 and ¢, (uP) = {uT}
for 3 <k <4. It follows then that for 3 <k <4, both V = {uP}
and V' = {u’} are horizonk vNM stable sets. However, for
k <2,V = {uP} is the unique horizon-k vNM stable set. In general,
it holds that for any priority-based matching problem, the DA
matching P belongs to all horizon-1 vNM stable sets.'”

Remark 1. Let (I,S,P,F) be a priority-based matching
problem and uP be the matching obtained from the DA
mechanism. The matching uP belongs to all horizon-1 vNM
stable sets but may not belong to any horizon-k vNM stable set
fork >3y — 1.

In the appendix, we show that one could find a tighter bound
on k such that for all kK’ > k, the singleton set {«"} is a horizon-k’
VvNM stable set. By carefully choosing the order in which agents
successively first match to their priority object, and next match
to their top choice object, the singleton set {u’} is a horizon-k’
VNM stable set for k' >y + 2. However, it relies on improving
paths that require much more coordination on behalf of the
agents than the ones associated to the lower bound of Theo-
rem 1, i.e., 3y — 1. Indeed, along those improving paths, the
order in which agents finally match to their top choice object
has to be the same as the order in which they first match to
their priority object.

Remark 2. Let (I,S,P,F) be a priority-based matching
problem and u” be the matching obtained from the TTC
mechanism. The singleton set {u”} is a horizon-k VINM stable set
fork >y + 2.

By simply replacing fyinqir.r; (DB () by py )Py (@) in the
definition of a horizon-k improving path, we obtain the defi-
nition of a farsighted improving path. Let ¢,_(u) be the set of
matchings that can be reached by means of a farsighted im-
proving path emanating from u. Given that the number of
possible matchings is finite, there exists k* such that for all

k2 k%, ¢ (W) = Py (1), and 50 s () = ¢ ().

Definition 3. Let (I, S, P, F) be a priority-based matching
problem. A set of matchings V' C M is a vNM farsighted stable
set if it satisfies:

i. For every u, 4’ € V, it holds that u’ & ¢, (w).
ii. For every u € M\V, it holds that ¢ _(u) N V # @.

Corollary 1. Let (I, S,P,F) be a priority-based matching
problem and u' be the matching obtained from the TTC
mechanism. The singleton set {u"} is a vNM farsighted stable set.

Notice that our notion of vNM farsighted stable set reverts to the
notion of myopic-farsighted stable set for one-to-one matching
problems (introduced by Herings et al. 2020) when one side is
farsighted and the other side is myopic. Dogan and Ehlers (2025)
show the existence of myopic-farsighted stable sets in one-to-one
matching problems. In addition, they find that the singleton set
{uF} is a myopic-farsighted stable set, where uF is the matching
obtained from the EADA mechanism (see Kesten 2010)."°

The notion of vNM farsighted stable set does not require that
agents choose their best alternative along the farsighted im-
proving paths. Nevertheless, Corollary 1 is robust to the incor-
poration of various forms of maximality in the definition of
farsighted improving path, like the strong rational expectations
farsighted stable set in Dutta and Vohra (2017) and absolute
maximality as in Ray and Vohra (2019).

3.3 | Multiple Copies Versus Multiple Units

We now highlight the importance of distinguishing between
priority-based matching problems with multiple units of each
object or multiple copies of each object. An object is said to be a
copy of another object if both objects have the same priority list
over the agents and all agents are indifferent between both
objects. Theorem 1 and its remarks hold with multiple copies.
However, as shown in the following example, in the presence of
multiple units of each object, one needs to allow group of agents
to move all together to sustain the TTC matching as a singleton
horizon-k vNM stable set.

Example 2. Consider a priority-based matching problem
(I, S, R, Fy with I = {ir, i, i3, ia} and S = {5y, sis», 55} All agents
are indifferent between s; and sj. Both objects s; and s] rank the
agents in the same order. Let g, be the number of units of each
object s. Agents' preferences and objects’ priorities are as follows.

Agents
R;, R;, R;, R;,
S1, 87 51, 81 S5 51, 81
S S2 51, 81 S2
S3 $3 S3 $3
Objects
Fy Fy F;, F;,
q, 1(2) 1 (0) 1(1) 1(1)
i3 i3 i 153
il il iz i3
is is is is
i 5 i3 i

Consider first the matching problem with multiple copies of s,
where g = 1and gy = 1.% Depending on whether agent i, points
either to s; or to s;, the TTC mechanism leads either to
K= {(ir, $1), (B2, 83), (i3, 52), (ia, S} OF to MT/ = {(ir, s, (2, $3),
(i3, $3), (i4, $1)}. One can show that, from any u # u’, ,uT', thereis a
horizon-k improving path going to either 4 or uT’. For instance,
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take u = {(h, s1), (i, 82), (3, $3), (i4, si)}; the horizon-k improving
path consists of a sequence of
l’lo’ Iul’ #2’ /"37 ,u4, ”5, l’(ﬁ With

distinct  matchings,
o = {50, (o320, i 9, (10, 57) .
{(11, i), (i, 82), (i3, 51), (14, s )}
o= {0 92, oy ), G50, (i 1)
o =G 1), G ), G50, (i 57)
§ )}

(i1, 1), (2, 1), (33, 52), (14, N
(i1, 51), (i, 1), (33, 52), (14, §1
Me = {(il, 51), (&2, 83), (i3, 52), (14, 51

It follows that the set {u”, u''} is a horizon-k vNM stable set for
k > 5. In the case agents are indifferent between some objects
and these objects rank the agents in the same order, the proof of
Theorem 1 and Corollary 1 can be basically extended to show
that the set of TTC matchings®' is a horizon-k vNM stable set
and a vNM farsighted stable set.

Consider next the matching problem with multiple units
of s, where ¢, =2 and gy =0. The TIC mechanism
leads to wl = {(if, 51), (2, $3), (i3, $2), (is, 51)}  with  cycles
Cr = {(s1, 13, 82, i)}, Co = {(s1, i4)} and Cs = {(s3, b)}. We now
argue that the set {u”} is no more a horizon-k vINM stable set. From
the matching u = {(i, 1), (iz, 52), (&3, S3), (i4, 51)}, there is no
horizon-k improving path leading to u”. At y, i; is already matched
to her preferred object and i3 cannot evict i; from s; so that i
would next evict i, from s,. Indeed, i, is matched to s; and iy is
ranked below i; by s;. However, if agents i; and i;, who look k steps
ahead toward uT, were able to deviate together, then they would
first match to their prioritized objects, they would next leave those
objects, and they would finally match their TTC objects. Notice
that, i; is indifferent between u and u”, whereas is strictly prefers
! to u. In fact, Atay et al. (2025) show that, in general, {u’} is a
horizon-k vNM stable set for priority-based matching problems
with multiple units if we allow for such coalitional moves. How-
ever, coalitional moves require more coordination and cooperation
on behalf of the farsighted agents. Without coalitional moves, the
singleton set {F} is the unique horizon-k vNM stable set for k > 4,
where uf = {(iy, 81), (2, $1), (i3, $2), (is, 83)} is the matching
obtained from the EADA mechanism. The set {u”} satisfies ex-
ternal stability (ES), as there are horizon-k improving paths from
each of the following matchings:

uP = {(i1, 81), (2, 82), (i3, 81), (i $3)},
ur ={(k, 81), (&2, 83), (i3, 82), (ia, S},
wr = {1, $1), (b2, 82), (I3, 83), (ia, 51)},
W = {1, s1), (2, $1), (i3, 53), (14, 52)},
' = {1, $1), (o, 83), (83, 51)5 (i $2)},

leading to uf. For instance, from uT agent i, first matches to s,
and evicts agent i3 from s,. Next, agent i; matches to s; and
evicts agent iy from s;. Next, agent i; leaves s;. Next, agent i,

matches to s;. Next, agent i; matches to s,. Next, iy matches to s3,
and so we reach uf. From any matching where i is not matched
to s;, agent jj first matches to s;. Along those horizon-k im-
proving paths toward £, it is sufficient that all agents look five
steps or more ahead for engaging a move.?? No other set can be
a horizon-k vNM stable set. First, any other singleton set vio-
lates ES. Second, any set containing matchings where i is not
matched to s; together with only one of the above matchings
also violates ES. Thus, at least two matchings from
{uP, ul, u*, 1, u”} should belong to a candidate horizon-k vVNM
stable set. Third, any set containing at least two matchings from
(P, ut, u*, W', u’} violates either internal stability (IS) or ES.
Any set with two matchings from {uP, u”, u*, u’, u”} that vio-
lates IS, would also violates IS if we add other matchings to the
set. Any set containing at least two matchings from
(WP, ut, u*, u', u’} that violates ES would violate IS if we add
the matching(s) that is(are) needed to satisfy ES. It then follows
that {uF} is the unique horizon-k vNM stable set.

In Example 2, when all agents are myopic, stable matchings
are either both matchings {(il, s1), (ix, Sz),(i3, Si),(im S3)} and

{(il, si), (&2, $2), (i3, 51), (i, s3)} or the single equivalent match-

ing {(i1, $1), (i2, 52), (i3, $1), (ia, S3)}. However, when all agents
become farsighted, it matters for stability whether the matching
problem involves multiple copies or multiple units and whether
coalitional moves are allowed or not.

3.4 | Alternative Notion of Limited
Farsightedness

An alternative concept for limited farsightedness is obtained
by adapting Herings et al. (2019)'s definition of a horizon-L
farsighted set of networks to priority-based matching prob-
lems (see the appendix for details). A horizon-L farsighted
set of matchings V has to satisfy three requirements: (i)
horizon-L deterrence of external deviations, (ii) horizon-L
external stability, and (iii) minimality. A set of matchings V'
satisfies horizon-L deterrence of external deviations if all
possible deviations from any matching u € V to a matching
outside V' are deterred by a threat of ending worse off or
equally well off. A set of matchings V satisfies horizon-L
external stability if from any matching outside of V, there is
a sequence of farsighted improving paths of length smaller
than or equal to L leading to some matching in V. For L > 1,
a set of matchings V' C M is a horizon-L farsighted set if it is
a minimal set satisfying horizon-L deterrence of external
deviations and horizon-L external stability. From Herings
et al. (2019), we have that a horizon-L farsighted set of
matchings exists.

Theorem 2. Let {I,S,P,F) be a priority-based matching
problem and u' be the matching obtained from the TTC
mechanism. The singleton set {u"} is a horizon-L farsighted set
for L >3y.

Thus, our main result is robust to an alternative notion of
limited farsightedness. The only difference is that one
more degree of farsightedness is needed for deterring deviations
from the TTC matching u”.
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4 | Matching With Couples

Suppose that the set of agents is enlarged to 2n agents,
I={i, .. b}, and is partitioned into a set of couples
C = {c1, -y €} = {(@1, in+1)s -s (ins i2n)}. Let ¢ be a generic couple.
The partner of agent i € I is denoted c(i). Let S = {sy, ..., S} be
the set of objects. Let P* = {F., ..., B, } be the preference profile of
the couples, where P, is the strict preference of couple ¢; = (i, in+1)
over their objects and their outside options, ! =1, ..., n. The
preference P, of couple ¢ is a linear order over
(SUipxSUin)\{(s,8)ls € S}. For instance, B, = (sy,S3),
(82, 84), (835 in+1)s -» (ig5 in4y) indicates that couple c; = (i, int1)
prefers i; and i,; being matched to s; and s;, respectively, to being
matched to s, and sy, respectively, and that the worst outcome for
the couple is to be both unassigned. The pair of objects (s, s) are
acceptable for couple ¢ if (s, s) B, (ij, in+1). Let R, be the weak
preference relation associated with the strict preference relation F,.

Definition 4. Let (I, S, P*,F) be a couples priority-based
matching problem. A horizon-k improving path from a
matching 4 € M to a matching y' € M\{u} is a finite
sequence of distinct matchings y, ..., 4, with p, =u and
u; =y’ such that for every I € {0, ..., L — 1}, either

i mpq =m — (@G, 8) + (0, i) for some (i, s) € I X S such that

Homingie, 13 (D5 Hmingr,ry (€ (D))
P, iyy (py (), 1y (c (D)),
or

i ow = —G0s) -0, s+ G+ (,j) for some

@i, s), (j,s") € I x S such that

Homingiie, 13 (D> Himingirre, 13 (€ D) Pie @y (g (D), (e (D))
Honingk,ry (D Bmingak, 13 (€ (G)))
Rj.e(in®y(1)s (e (D)),

or

iy = m o+ @) = (@) — (G () = 3+ (G
w(j) = s} for some (i, s) € I x S such that (U401,
Fmingi+k,£y (€ D)) Py (i (D), gy (¢ (1)) and (i) < K () if
M (s) = j'23

In the case of matching problems with couples, we require that,
along a horizon-k improving path, each time some agent i is on
the move, her couple (i, c(i)) is better off at the matches that they
will get k steps ahead on the sequence compared to their current
matches, except if the end matching of the sequence lies within
her horizon. Another difference with respect to Definition 1 is
that, as we deal with couples, we allow a pair of agents to
simultaneously leave their objects (condition (ii) in Definition 4).
The set of matchings u’ € M such that there is a horizon-k
improving path from u to ' is denoted by ¢, (w), so
¢ (W) = {' € My — '} Replacing ¢, (u) by ¢ (u) in
Definition 2, we obtain the definition of a horizon-k vINM stable
set for priority-based matching problems with couples.

Example 3. (Klaus and Klijn 2007) Consider a couples
priority-based  matching  problem (I, S,P*,F)  with
I={i, b, i3, i} and S = {sy, S, 53}. Couples' preferences and
objects’ priorities are as follows.

Couples

P, i5) Py i)

(53, 51) (52, 83)

(52, 53)

(51, 82)

Objects

EY] Efz EY:;
i3 i3 i3
il i2 i4

L h

When couples are myopic, we have that u” = {(i,s,)
(2, 1), (i3, 83), (ig, i4)} is the unique stable matching in Ex-
ample 3. When couples and objects are farsighted, Atay et al.
(2025) show that {u”} is the unique vNM farsighted stable set.
However, this matching p” is Pareto-dominated for agents
(couples) by u' = {(i, $3), (2, o), (i3, 51), (is, is)}. Notice that
agent i; has priority for all three objects. When only agents are
farsighted, can we stabilize some matching where the couple of
i3 gets their best possible match (i.e., (s3, $1))? If yes, how much
farsightedness do we need?

In Example 3, the singleton set {'} is a horizon-k VNM stable set
for k >3 as there is a horizon-k improving path from any other
matching to ¢'. From any u # u', looking k steps ahead, agent i3
matches successively to each object that was assigned to another
agent in u. Next, agent i; followed by agent i; match to s; and s,
respectively. They thereby reach u’ where the couple obtains their
most preferred objects. In addition, the Pareto-dominated
matching y” is now destabilized. From ', the couple (iy, i3) will
never engage a move toward u”, as they strictly prefer ¢’ to u”,
and the other couple is indifferent between both matchings.**

Example 4. (Roth 2008) Consider a couples matching
problem (I, S, P*, F) with I={ij, i, 03,13} and S = {sy, s3}.
Couples' preferences and objects’ priorities are as follows.

Couples
P(il,is) P(iz,ia)
(51, 82) (51, is)
(82, ia)
Objects
ES] EZ
il il
b 153
i3 i3
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Although there is again an agent who has priority over all other
agents for both objects, Roth (2008) shows that there does not
exist a stable matching in Example 4.>° Furthermore, Atay et al.
(2025) show that, when agents and objects behave farsightedly,
there are no vVNM farsighted stable sets in this example.
However, when only one side is farsighted, the matchings
= {51, (i, i), (3, 82), (s, i4)}  and " = {(iy, i), (B2, $1),
(i3, 13), (i4, i4)} are singleton horizon-k vNM stable sets for k > 3.
Thus, farsightedness on behalf of the couples may help to
stabilize Pareto-efficient outcomes.

Proposition 1. Let (I, S, P*,F) be a couples priority-based
matching problem. Suppose there is some agent i* € I such that
Fix(s) < Fi(s) for all s€ S,j el (j+#i*), and m >2n. Each
singleton set {u*} where u* is Pareto-efficient and
(> (@), w* ((i*)))Ri* ety (s, ") for all 5,5’ € S,s#5, is a
horizon-k vNM stable set for all k >2n + 2.

This proposition tells us that, if there is some agent i* who has
priority over all objects and k is greater than the number of
agents, then each Pareto-efficient matching where the couple of
i* gets their most preferred matches is a singleton horizon-k
VNM stable set.

5 | Agents Own the Objects

Closely related to priority-based matching problems are
matching problems where the agents own the object. Let
(I, S, P, F) be a matching problem where each agent i owns an
object s. The strict priority structure F of the objects over the
agents is such that the priority F of object s only ranks the
owner of object s. Without loss of generality, let agent i) be the
owner of object s, for I = 1, ..., n. Let is be a generic agent who
owns object s.

Example 5. Consider a matching problem (I, S, P, F) with
I ={i}, i, i3} and S = {51, 5, 53}, and where agent i; owns object
s;, for 1 =1, 2, 3. Agents' preferences and endowments are as
follows.

Agents

Endowment S1 So s3
P; P;, P;,
S3 S3 Sy
S1 By) $3
$2 S1 S1

Objects

Fy F;, 3

i 17 i3

In Example 5, ul = {(iy, s1), (iz, $3), (i3, 52)} is the matching
obtained from the TTC algorithm. In the first round of the TTC
algorithm, there is one cycle where agent i, points to object s3,
object s; points its owner i3, agent i3 points to object s,, and
object s, points its owner . That is, C; = {c}} with

¢l = (s, i3, 52, i2). Agent i, is assigned to object s; and agent i; is
assigned to object sy: mi = {(ia, 53), (i3, 52)}, and so i, and i ex-
change their objects. In the second round of the TTC algorithm,
there is only one leftover agent, i;, who points to object s; that
she owns and one leftover object, s;, that points to its owner i.
That is, C, = {cé} with ¢ = (53, i1). Agent i is assigned to her
own object s;: mb = {(i1, 1)}, and so u’ = m} U ml.

Roth and Postlewaite (1977) show that, for any matching
problem (I, S, P, F) where each agent i owns an object s, there
is always a unique matching that is in the core. Moreover, this
matching can be obtained with the TTC algorithm.?®

Definition 5. Let(l, S, P, F) be a matching problem where
each agent i owns an object s. A horizon-k improving path from
a matching u € M to a matching u’ € M\{u} is a finite
sequence of distinct matchings w, ..., 4, with @, =u and
u; = ' such that for every | € {0, ..., L — 1} either

i =m — @, s)+ (i) for some (i, s) € I x S such that
Foming+k,ry (D P (), or

iy o=+ @8) = @G p@D) = {0, () = sk + {0 J) |
w(j) = s} for some (i,s) € I X S such that f,pq4p (0

Pi#[(i) and #min{1+k,L}(is)R'S#z(is)~

In the case of matching problems where each agent owns an
object, we still require that, along a horizon-k improving
path, each time some agent i is on the move, she is better off
at the match she will get k steps ahead on the sequence
compared to her current match. Moreover, if agent i matches
to s, we also require that the owner of the object (i.e., i)
prefers the match he will get k steps ahead compared to his
current match. In other words, the owner of the object has a
word to say about the assignment of his endowment to some
agent.”’

The set of matchings 4’ € M such that there is a horizon-k
improving path from u to u' is denoted by $k(u), so
$ () = {1’ € Miu —, u'}. Replacing ¢, (1) by ¢, (u) in Defi-
nition 2, we obtain the definition of a horizon-k vNM stable set
for matching problems where each agent owns an object.

Theorem 3. Let (I,S,P,F) be a matching problem where
each agent i owns an object s and u* is the matching obtained
from the TTC mechanism. The singleton set {4’} is the unique
horizon-k vNM stable set for k >3y — 1.

Corollary 2. Let (I, S,P,F) be a matching problem where
each agent i owns an object s and u! is the matching obtained
from the TTC mechanism. The singleton set {u"} is the unique
vNM farsighted stable set.”®

6 | Conclusion

We have considered one-to-one priority-based matching prob-
lems with limited farsightedness. We have shown that, once
agents are sufficiently farsighted, the matching obtained from
the TTC algorithm becomes stable: a singleton set consisting of
the TTC matching is a horizon-k vNM stable set if the degree of
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farsightedness is greater than three times the number of agents
in the largest cycle of the TTC. On the contrary, the matching
obtained from the DA algorithm may not belong to any
horizon-k vNM stable set for k large enough. Hence, the TTC
mechanism satisfies Pareto efficiency, strategy-proofness, and
(limited) farsighted stability. Notice that a mechanism is
strategy-proof if no agent has incentives to misrepresent her
preferences anticipating perfectly the outcome of the TTC
algorithm. Therefore, strategy-proofness implicitly presumes
some degree of farsightedness on behalf of the agents. Thus, it
seems more consistent to look for a mechanism that satisfies
strategy-proofness together with (limited) farsighted stability.

Our main results are robust to alternative notions of limited
farsightedness. However, they do not hold per se for
many-to-one priority-based matching problems. More coordi-
nation and cooperation on behalf of the agents are required to
sustain the TTC matching as a singleton horizon-k vNM stable
set: one needs to allow group of agents to move all together. In
matching markets with couples, farsightedness may improve
both efficiency and stability. When each agent owns an object, a
singleton set consisting of the TTC matching is the unique
horizon-k vNM stable set.

For future research, it would be interesting to investigate whether
soulmate mechanisms such as the iterated matching of soulmates
algorithm (see Leo et al. 2021) do satisfy farsighted stability.*
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Endnotes

'Roth and Sotomayor (1990) and Haeringer (2017) provide a general
introduction to matching problems.

2 Abdulkadiroglu and Sénmez (2003) show that both mechanisms are
strategy-proof: truthful preference revelation is a weakly dominant
strategy for the agents. Dubins and Freedman (1981) and Roth
(1982) were the first to show that the DA mechanism satisfies
strategy-proofness in one-to-one matching problems.

*Kesten (2010) introduces the Efficiency-Adjusted Deferred Accep-
tance (EADA) mechanism to improve efficiency upon the DA
mechanism. Reny (2022) provides the Priority-Efficient (PE) mech-
anism that always selects a Pareto-efficient matching that dominates
the DA stable matching, but the PE mechanism is not strategy-proof.

“See, e.g., Kirchsteiger et al
Tremewan (2020).

(2016), Teteryatnikova and

See Chwe (1994), Page and Wooders (2009), Mauleon et al. (2011),
Ray and Vohra (2015, 2019), Herings et al. (2019, 2020), and Luo

et al. (2021) for definitions of the farsighted stable set. Alternative
notions of farsightedness are proposed by Page et al. (2005) and
Grandjean et al. (2011), among others.

In some sense, agents behave strategically by anticipating further
moves while objects behave mechanically by accepting or rejecting
agents based on their priority lists.

"Morrill (2015) and Hakimov and Kesten (2018) propose variations of
the TTC for school choice problems. Atay et al. (2025) show that the
matchings obtained from the variations are all farsightedly stable.
For one-to-one priority-based problems, all variations coincide.

8See Klaus and Klijn (2005, 2007), Roth (2008). Bir6 and Klijn (2013)
provide a detailed overview of matching markets with couples under
preferences.

Throughout the paper, we use the notation C for weak inclusion and
C for strict inclusion. Finally, # will refer to the notion of cardinality.

YA mechanism is individually rational (non-wasteful/stable/Pareto-
efficient) if it always selects an individually rational (non-wasteful/
stable/Pareto-efficient) matching. A mechanism is strategy-proof if
no agent can ever benefit by unilaterally misrepresenting her
preferences.

! Abdulkadiroglu et al. (2020) show that the TTC mechanism is jus-
tified envy minimal in the class of Pareto-efficient and strategy-proof
mechanisms. In addition, Dogan and Ehlers (2022) find that, for any
stability comparison satisfying three basic properties, the TTC
mechanism is minimally unstable among Pareto-efficient and
strategy-proof mechanisms.

2Dogan and Ehlers (2021) study efficient and minimally unstable
Pareto improvements over the DA mechanism. Che and Tercieux
(2019) show that both Pareto efficiency and stability can be achieved
asymptotically using DA and TTC mechanisms when agents have
uncorrelated preferences. Kesten (2006) compares the TTC and DA
mechanisms with respect to some additional properties (fairness,
resource monotonicity, population monotonicity, and consistency).

*We use the notation + for adding pairs and — for deleting pairs.

4Ehlers (2007) and Herings et al. (2017) study vNM stable sets when
all agents are myopic in two-sided matching problems.

!3In all examples, we only provide the agents' preferences over objects
that are acceptable for them (i.e., those objects that are strictly
preferred over their outside options).

'“Hence, it is already sufficient that agent i; looks forward 4 (instead of
5) steps ahead for having incentives to engage her first move
toward u, from u,. Agents may even coordinate on shorter
horizon-k improving paths. For instance, by replacing u, by
wy = {1, 1), (i, b2), (3, 51)} and g by py = {(i, i), (2, 12), (83, 52)3,
agents i, and i; only need to look at least three steps ahead for
moving along the improving path toward u,. See Remark 2.

Proposition 3 in Luo et al. (2021) provides a characterization of a
horizon-1 vNM stable set of networks. As matchings are a subclass of
networks and the DA matching is stable, it follows that the DA
matching belongs to all horizon-1 vNM stable sets.

®Mauleon et al. (2011) define and characterize the vNM farsighted
stable set for two-sided matching problems.

For one-to-one matching problems, Herings et al. (2025) show that,
if the woman-optimal stable matching is dominated from the woman
point of view by an individually rational matching, then no core
element can be part of a myopic-farsighted stable set.

*The object s’ is said to be a copy of s if and only if F;, = Fy and all
agents are indifferent between s and s'.

*'Depending in which order the agents point to each copy leads to
different but equivalent TTC matchings. In fact, all TTC matchings
are identical up to a permutation of the copies. Each agent gets the
same object or one of its copies.
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2Dogan and Ehlers (2025) show that when one side is farsighted and the
other side is myopic, then neither the EADA matching nor the TTC
matching is necessarily a singleton myopic-farsighted stable set in many-
to-one matching problems with coalitional or pairwise deviations.

By allowing for a pair of agents to match simultaneously to some
objects, Proposition 1 still holds but less farsightedness on behalf of
the agents may be necessary.

*In Example 3, there is another horizon-k vNM stable set {u”}
where the other couple (i, i;) gets their preferred assignment:
w" = {(, ir), (ig, 82), (I3, 1), (ia, $3)}.

ZKlaus and Klijn (2005) look for restrictions on the preferences to
guarantee the existence of a stable matching in markets with couples.

26For matching problems with private endowments, Ma (1994) shows
that a mechanism is strategy-proof, Pareto-efficient, and individually
rational if and only if it uses the TTC algorithm.

*’The notion of contractual stability captures a similar idea by
requiring the consent of coalition partners. See, e.g., Diamantoudi
and Xue (2003), Caulier et al. (2013), Caulier et al. (2013), and
Mauleon et al. (2016).

*1n an exchange economy with indivisible goods of Shapley and Scarf
(1974), Kawasaki (2010), and Klaus et al. (2010) show that there exists
a unique vNM farsighted stable set, which coincides with the set of
competitive allocations. Thus, they obtain a similar result to Corol-
lary 2, except that they allow for coalitional moves while agents can
only move one at a time in our definition of vNM farsighted stable set.

2 For roommate markets, Klaus et al. (2011) study farsighted stability,
whereas Atay et al. (2021) look at the credibility of blocking pairs.

*In an older version, we provided a tighter bound equal to 2y + 1. We
thank an anonymous reviewer for suggesting an even lower tighter
bound equal to y + 2.

*!From Lemma 2 in Herings et al. (2019), we have that for every L > 1,
for every u € M, it holds that $i°(/4) Cc $;°+1(,u), and that for
L > k*, for every u € M, it holds that ¢, (1) = ¢, (1) = ¢ (W).

32We use the notational convention that ¢ 1 (W) = @ for every u € M.

*Notice that along the horizon-k improving path from the proof of
Theorem 1, an agent matches either to an unassigned object whose
owner is unmatched or to an object that she is the owner. Hence,
the owner of the object does not block her move toward the TTC
matching u’.

References

Abdulkadiroglu, A., Y. K. Che, P. A. Pathak, A. E. Roth, and O. Tercieux.
2020. “Efficiency, Justified Envy, and Incentives in Priority-Based
Matching.” American Economic Review Insights 2: 425-442.

Abdulkadiroglu, A., and T. Sonmez. 2003. “School Choice: A Mecha-
nism Design Approach.” American Economic Review 93: 729-747.

Ashlagi, I, and A. E. Roth. 2021. “Kidney Exchange: An Operations
Perspective.” Management Science 67: 5455-5478.

Atay, A., A. Mauleon, and V. Vannetelbosch. 2021. “A Bargaining Set for
Roommate Problems.” Journal of Mathematical Economics 94: 102465.

Atay, A., S. Funck, A. Mauleon, and V. Vannetelbosch. 2025. “Matching
Markets With Farsighted Couple.” Social Choice and Welfare 64:
465-481.

Atay, A., A. Mauleon, and V. Vannetelbosch. 2025. “School Choice With
Farsighted Students.” Games and Economic Behavior 149: 148-163.

Bir6, P., and F. Klijn. 2013. “Matching With Couples: A Multi-
disciplinary Survey.” International Game Theory Review 15: 1-18.

Caulier, J. F., A. Mauleon, and V. Vannetelbosch. 2013. “Contractually
Stable Networks.” International Journal of Game Theory 42: 483-499.

Caulier, J. F., A. Mauleon, J. J. Sempere-Monerris, and
V. Vannetelbosch. 2013. “Stable and Efficient Coalitional Networks.”
Review of Economic Design 17: 249-271.

Che, Y. K., and O. Tercieux. 2019. “Efficiency and Stability in Large
Matching Markets.” Journal of Political Economy 127: 2301-2342.

Chwe, M. S.-Y. 1994. “Farsighted Coalitional Stability.” Journal of
Economic Theory 63: 299-325.

Combe, J., O. Tercieux, and C. Terrier. 2022. “The Design of Teacher
Assignment: Theory and Evidence.” Review of Economic Studies 89:
3154-3222.

Diamantoudi, E., and L. Xue. 2003. “Farsighted Stability In Hedonic
Games.” Social Choice and Welfare 21: 39-61.

Dogan, B., and L. Ehlers. 2021. “Minimally Unstable Pareto Improve-
ments over Deferred Acceptance.” Theoretical Economics 16: 1249-1279.

Dogan, B., and L. Ehlers. 2022. “Robust Minimal Instability of the Top
Trading Cycles Mechanism, American.” Economic Journal: Microeconomics
14: 556-582.

Dogan, B., and L. Ehlers. 2025. “Existence of Myopic-Farsighted Stable
Sets in Matching Markets.” Available at SSRN: https://doi.org/10.2139/
ssrn.4354768.

Dubins, L. E., and D. A. Freedman. 1981. “Machiavelli and the Gale-
Shapley Algorithm.” American Mathematical Monthly 88: 485-494.

Dutta, B., and R. Vohra. 2017. “Rational Expectations and Farsighted
Stability.” Theoretical Economics 12: 1191-1227.

Ehlers, L. 2007. “Von Neumann-Morgenstern Stable Sets in Matching
Problems.” Journal of Economic Theory 134: 537-547.

Gale, D., and L. S. Shapley. 1962. “College Admissions and the Stability
of Marriage.” American Mathematical Monthly 69: 9-15.

Grandjean, G., A. Mauleon, and V. Vannetelbosch. 2011. “Connections
Among Farsighted Agents.” Journal of Public Economic Theory 13: 935-955.

Haeringer, G. 2017. Market Design: Auctions and Matching. Cambridge,
MA.: MIT Press.

Hakimov, R., and O. Kesten. 2018. “The Equitable Top Trading Cycles
Mechanism for School Choice.” International Economic Review 59:
2219-2258.

Herings, P. J. J., A. Mauleon, and V. Vannetelbosch. 2017. “Stable Sets
in Matching Problems With Coalitional Sovereignty and Path Domi-
nance.” Journal of Mathematical Economics 71: 14-19.

Herings, P. J. J., A. Mauleon, and V. Vannetelbosch. 2019. “Stability of
Networks Under Horizon-K Farsightedness.” Economic Theory 68: 177-201.

Herings, P. J. J., A. Mauleon, and V. Vannetelbosch. 2020. “Matching
With Myopic and Farsighted Players.” Journal of Economic Theory 190:
105125.

Herings, P. J. J., A. Mauleon, and V. Vannetelbosch. 2025. “Do Stable
Outcomes Survive in Marriage Problems With Myopic and Farsighted
Players?” European Journal of Operational Research 322: 713-724.

Kawasaki, R. 2010. “Farsighted Stability of the Competitive Allocations
in an Exchange Economy With Indivisible Goods.” Mathematical Social
Sciences 9, no. 2010: 46-52.

Kesten, O. 2006. “On Two Competing Mechanisms for Priority-Based
Allocation Problems.” Journal of Economic Theory 127: 155-171.

Kesten, O. 2010. “School Choice With Consent.” Quarterly Journal of
Economics 125: 1297-1348.

Kirchsteiger, G., M. Mantovani, A. Mauleon, and V. Vannetelbosch.
2016. “Limited Farsightedness in Network Formation.” Journal of
Economic Behavior and Organization 128: 97-120.

Klaus, B., and F. Klijn. 2005. “Stable Matchings and Preferences of
Couples.” Journal of Economic Theory 121: 75-106.

11 of 15


https://doi.org/10.2139/ssrn.4354768
https://doi.org/10.2139/ssrn.4354768

Klaus, B., and F. Klijn. 2007. “Paths to Stability for Matching Markets
With Couples.” Games and Economic Behavior 58: 154-171.

Klaus, B., F. Klijn, and M. Walzl. 2010. “Farsighted House Allocation.”
Journal of Mathematical Economics 46: 817-824.

Klaus, B., F. Klijn, and M. Walzl. 2011. “Farsighted Stability for
Roommate Markets.” Journal of Public Economic Theory 13: 921-933.

Leo, G., J. Lou, M. Van der Linden, Y. Vorobeychik, and M. Wooders.
2021. “Matching Soulmates.” Journal of Public Economic Theory 23:
822-857.

Luo, C., A. Mauleon, and V. Vannetelbosch. 2021. “Network Formation
With Myopic and Farsighted Players.” Economic Theory 71: 1283-1317.

Ma, J. 1994. “Strategy-Proofness and the Strict Core in a Market With
Indivisibilities.” International Journal of Game Theory 23: 75-83.

Mauleon, A., J. J. Sempere-Monerris, and V. Vannetelbosch. 2016.
“Contractually Stable Alliances.” Journal of Public Economic Theory 18:
212-225.

Mauleon, A., V. Vannetelbosch, and W. Vergote. 2011. “Von Neumann -
Morgenstern Farsightedly Stable Sets in Two-Sided Matching.”
Theoretical Economics 6: 499-521.

Morrill, T. 2015. “Two Simple Variations of Top Trading Cycles.”
Economic Theory 60: 123-140.

Page, Jr. F. H., and M. Wooders. 2009. “Strategic Basins of Attraction,
the Path Dominance Core, and Network Formation Games.” Games
and Economic Behavior 66: 462-487.

Page, Jr. F. H., M. Wooders, and S. Kamat. 2005. “Networks and Far-
sighted Stability.” Journal of Economic Theory 120: 257-269.

Ray, D., and R. Vohra. 2015. “The Farsighted Stable Set.” Econometrica
83: 977-1011.

Ray, D., and R. Vohra. 2019. “Maximality in the Farsighted Stable Set.”
Econometrica 87: 1763-1779.

Reny, P. J. 2022. “Efficient Matching in the School Choice Problem.”
American Economic Review 112: 2025-2043.

Roth, A. E. 1982. “The Economics of Matching: Stability and Incen-
tives.” Mathematics of Operations Research 7: 617-628.

Roth, A. E. 2008. “Deferred Acceptance Algorithms: History, Theory,
Practice, and Open Questions.” International Journal of Game Theory
36: 537-569.

Roth, A. E., and A. Postlewaite. 1977. “Weak Versus Strong Domination
in a Market With Indivisible Goods.” Journal of Mathematical
Economics 4: 131-137.

Roth, A. E., and M. A. O. Sotomayor. 1990. Two-sided matching, a study
in game-theoretic modeling and analysis, Econometric Society Mono-
graphs No. 18, Cambridge University Press.

Shapley, L. S., and H. Scarf. 1974. “On Cores and Indivisibility.” Journal
of Mathematical Economics 1: 23-37.

Teteryatnikova, M., and J. Tremewan. 2020. “Myopic and Farsighted
Stability in Network Formation Games: An Experimental Study.”
Economic Theory 69: 987-1021.

Appendix A

Proof of Theorem 1

Proof. As {u'} is a singleton set, internal stability (IS) is satisfied. (ES)
Take any matching u # u'; we need to show that ¢, (u)su’ for
k > (3y — 1). We build in steps a horizon-k improving path from u to u
for k >(3y — 1). Remember that u’ = Uﬁ:l M, where M; = U1L="1 mf(
are all the matches between agents and objects formed in Step k of the
TTC algorithm, and mﬁc is given by Expressions (1) and (2).

Step 1.1.

Step 1.1.A.

Step 1.1.B.

Step 1.1.C.

Step 1..

Step 1.L.A.

If m1 C pand1 # Ly then go to Step 1.2 with ", = .
If m Cu and 1 =1L, then go to Step 1. End with
Uy, = #. 1 midu then go to Step 1.LA.

If {(i, s)li, s € ¢} and s > i} C u then go to Step 1.1.B
with uj, =p. I {G9)li,s€ cland s~ i}¢u then
there is some agent i such that s # (i) # u' (i) and
s+ i with i,s € c]. This agent i matches with object
s that ranks her first on its priority list. We reach
the matching :”1,1,1 =u+ G5 —0u@)—{0,s)
() = s} + {(j,j)u(j) = s} where s —~ i and i, s € cl.
If{(i, s)li,s € ¢} and s - i} C My, , then go to Step 1.1.B
with uf ) =pp, . I {39l s Ec} and s = ¢y ),
then there is some agent i’ such that s’ # p] |, (i")#u” (i)
and 5"~ i’ with i/, s’ € cl. This agent i’ matches with
object s’ that ranks her first on its priority list. We reach
the matching /"1,1,2 = '“11,1,1 + (@', s") = (@, /"1,1,1(il)) —
(GO 0) = 85+ 16D, G) = '), where s/
and i’,s’ € c]. We proceed as above until we reach
the matching w;, = u + {(i,s)li,s € cland s — i} —
{G, u(@)li,s € ¢} and s - i} — {(j, s)lj & ¢, i,s € c},

s iandu(s) =j} + {(j,j)lj € cl,i,s € ¢}, s = iand
u(s) = j}, where each agent involved in ¢} is matched to
the object that ranks her first on its priority list. Step 1.1.A
counts at most ¢} steps.

Let Z1= {(i’)}fi:1 be such that i"€c] and
i =iy, # " = i,,,, witho, < 0,4, forr =1,...,¢} — 1.
That is, Z] is an ordered set of the agents involved in cycle
cl, where ¢} = #{i € Ili € c}} is the number of agents
involved in cycle cj. From the matching :“1 | agents i' to
jei-1 successwely leave their objects to reach the matching
:“11::“11 {@, s)Ilsecl,SHlandl;élCi}+
{G, Dli,s € cl,s > iand i# 1‘1} where only agent il is
still matched to the object that ranks her first on its priority
list. Step 1.1.B counts at most ¢ — 1 steps.

From the matching 7 ,, agent il first matches with her
top ch01ce ob_]ect s to reach the matching
/x'l’l + (i€ 1 ,8) — (1”1 uy (i) where s is such that
i sandi,s€ch Notice that s was unassigned at #1 .
whereas the object that ranks i€l first on its priority list, i.e.,

My (i%), is now unassigned. Next, agents i' to it~
successively match to their top choice object to reach
the matching uy’, = /,({’1 —{@,s)li,s € c} and s = i} +
{(i, s)li, s € c} and i > s}. Step 1.1.C counts at most ¢}
steps. We have reached pt”’l with m} C uy’, and so agents
belonging to ¢} are assigned to the same object as in u”
and they obtain their best possible match. Step 1.1 counts
at most 3¢} — 1 steps. Hence, it is sufficient that the agents
who move in Step 1.1 look forward 3¢ — 1 steps ahead to
have incentives for engaging the move toward the
matching "), where they already get the object assigned
by the TTC. Once they reach those matches, they do not
move afterwards. If 1 # L,, then go to Step 1.2. Otherwise,

go to Step 1. End with /,({”Ll = Uy

I>11Ifm uy,_, and I # Ly then go to Step 1.1+1
with wfy = pf’, . If mh C uy_, and I = L, then go to
Step 1. End with uf’, = w7, . I miZuy, | then go to

1Li-1
Step 1.L.A.

m

If {(i,s)li,secland s~ i} C uy,_, then go to Step
LLBwith py , = py/,_ IE{(L, s)li, s € ¢f and s = Zuy)_,
then there is some agent i such that s # ui’fl_l(i) # ul (i)
and s~ i with i,s € cll. This agent i matches with
object s that ranks her first on its priority list. We reach

the matching ,u“1 ptll L+ 38—, :“11 @) -

m m

(U, Oy, () = s, k-, () = s} where s — i
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Step 1.1.B.

Step 1.1.C.

Step 1.End.

Step k.1.

Step k.1.A.

and i,s € c\. If {(i,s)li,s € ¢} and s — i} C,u’ll1 then
go to Step 1B with p, =4 ,,. I {(i, 9)li,s € ¢l and
s z}gZ,uLl,l, then there is some agent i’ such that
s'# p ) # ur (i) and s’ — i’ with ', s’ € c.. This
agent i’ matches with object s’ that ranks her first on its
priority list. We reach the matching /‘1,1,2 =
Wy W) = (0, () = (G SO, () = 51+
{U, )y, () = s}, where s i" and i',s" € cl. we
proceed as above until we reach the matching uj; =
/x{"l L HG 9l s € cland s - i} —{(i,ui’fl_l(i))li, NS
ciand s — i} — {(j, $)lj & cf, i, s€ci, s — i and py_,
(8) =j}+{(.J)li & cl, i, s€cl, s — i and uf,_,(s) =
Jj}, where each agent involved in ¢} is matched to the
object that ranks her first on its priority list. Step 1..A
counts at most ¢} steps.

Let 7 = {(i')}f[;l be such that i" € ¢! and i = io, 7
i =i, witho, < 0p4q forr=1,..., ¢t — 1. Thatis, 7}
is an ordered set of the agents involved in cycle ¢}, where
¢l = #{i € Ii € ¢} is the number of agents involved in
cycle cl. From the matching s agents i' to i1 suc-
cessively leave their ObJECtS to reach the matchlng MY

/,tll —{@,8)li,secl,s—i and i# lcl}+{(l l)Il s€e
cll, s~ i and i # i}, where only agent il is still mat-
ched to the object that ranks her first on its priority list.
Step 1.I.B counts at most ci—1 steps.

From the matching p7 ), agent il first matches wnh her
top ch01ce object s to reach the matching uj +(lcl s) —

(lcl /,l (lcl)) where s is such that i — s and i,sech
Notice that s was unassigned at /xl ;» Whereas the object
that ranks it first on its pnorlty list, ie., uj (lcl) is now
unassigned. Next, agents i' to i ef-1 success1vely match to
their top choice object to reach the matching u}’, = uf, —

{(,9)li,s € cl1 and s > i} + {@,9)li,s € cllandl — s}

Step 1..C counts at most ¢} steps. We have reached uy’)
with m} C ) and so agents belonging to ¢! are a551gned
to the same obJect as in u”. Step 1. counts at most 3¢} — 1
steps. Hence, it is sufficient that the agents who move in
Step 1. look forward 3¢} — 1 steps ahead to have incen-
tives for engaging the move toward the matching u’),
where they already get the object assigned by the TTC.
Once they reach those matches, they do not move after-
wards. If 1 # L;, then go to Step 1. + 1. Otherwise, go to

m

Step 1. End with u}’ " =M

We have reached u’, , with Ul ml =M C My I
/xi"L] = uT then the process ends. Otherwise, go to Step

2.1.

(k>2)Ifm} C My Lok and 1 # Ly then go to Step k.2
with Wy =m - If mi Cuy yp, and 1=1

then go to Step k. End with /x;;'Lk =My, ey If
mcZuy_ ;. then go to Step k.1.A.

m

f—1Lp_1 then go to Step
CIF{(i, s)li,s € cLand s & i}
Zuyyy, , then there is some agent i such that
SEM 1, D # uT (i) and s — i with i,s € c}. This
agent i matches with object s € S\ UK=L S; that ranks her
first on its priority list among agents belonging to
I\UIZ!' . We reach the matching Minn =My, T
W8) = Gy gy ) = (G Wy, ()= s} +
(G, Wy g, () = s}, where s =i and i,s € cj. If
{(i,9)li,s € ckand s = i} C ., then go to Step k.1.B
with = p - I {Es)li,s € chands - w1,
then there is some agent i’ such that s’ # ,uk’lyl(l VEuL (i)
and s’ — i’ with i’, s’ € c}. This agent i’ matches with

If {(i, s)li,s € ckand s > i} C u

k.1B with p) | = py’_ i1

Step k.1.B.

Step k.1.C.

Step k.l.

Step k.LA.

object s' € S\U}Z{' S that ranks her ﬁrst on its priority
list among agents belonging to I\ Uk . We reach
the matching 4, = py,+@,s) - (1 Mk’l’l(l ) —
(G sy () = )+ (G DK, () = ) where
s’ i'andi’, s’ € c}c We proceed as above until we reach
the matching 4, = p;’ Ly + {(i, s)li,s € c} and
{G, ,L{k_LLkil(l))h s € ckand s — i} —{(j, s)I
J & ciiyseck, s iandpy () =)} HL g
ch,i,s € ch, s iand /,tl’é’_LLk_l(s) =j}, where each
agent involved in c}. is matched to the object that ranks her
first on its priority list among agents belonging to
I\ UK=L 1. Step k.1.A counts at most b steps.

s i} —

Let 7} = {(i’)}flﬁ1 be such that i" € ¢} and i" = i,,#
il =i, . with o, < 0,4 for r = 1,...,& — 1. That is,
T} is an ordered set of the agents involved in cycle cf,
where ¢} = #{i € Ili € c}} is the number of agents
involved in cycle c}. From the matching | k1> agents i' to
i1 success1vely leave their objects to reach the matchlng
/x“ ukl —{(, S)|lS€Ck,Sl—>landl7élLk}+
{(,D)li,s € ck,s > iandi # l”k} where only agent i® kis
still matched to the object that ranks her first on its pri-
ority list among agents belonging to I'\ UKL I, Step k.1.B
counts at most ¥ — 1 steps.

From the matching s |, agent i first matches with her
top choice ob]ect s € S\Ul - S; to reach the match-
ing uy | + (& k s) - (lck My (1”k)) where s is such that
i~ sandi,s € ck. Notice that s was unassigned at iy |,
whereas the object that ranks it ﬁrst on its prlontly list
among agents belonging to I\U[Z} I, ie., py @), is
now unassigned. Next, agents i! to i%~! successively
match to their top choice object in S\ Uk S to reach
the matchmg 758 ,u}d —{(i,s)li,s € ckand s — i}+
{(i, $)li, s € c} and i - s}. Step 2.1.C counts at most ¢},
steps. We have reached wj/, with mi C My, and so
agents belonging to cj, are a551gned to the same object as
in uT. Step k.1 counts at most 3¢} — 1 steps. Hence, it is
sufficient that the agents who move in Step k.1 look
forward 3¢} — 1 steps ahead to have incentives for en-
gaging the move toward the matching 1;’,, where they
already get the object assigned by the TTC. Once they
reach those matches they do not move afterwards. If
1 # Ly, then go to Step k.2. Otherwise, go to Step k. End
with 4, = ).

I>1DIfmk C My, and I # Ly then go to Step k.I+1
with w!; = !y, If mh C /1;;'1 , and [ = I then go to
Step k. End with u’; I

=y, I miguy | then go to
Step k.l.A.

If{(i, $)li,s € cLand s — i} C My, then go to Step k .
Bwith w , = p,_ ) XE{(, 9)li, s € ckand s euy,_,
then there is some agent i such that s # ,u;{” (D # ul (D)
and s = i withi, s € ck. This agent i matches with object
s that ranks her first on its priority list among agents
belonging to I\ =} I, We reach the matching M1 =
W+ () = G @) = (G WY, () = s} +

{Go )Wy, (j) =5}, where s+ i and i,s€cj. If
{(i,9)li,s € ciand s — i} €, then go to Step k1B
with g, =p o I {G9)lis € ckand s u
then there is some agent i’ such that s’ # ,u,’(’,,l(i’) # ul'(i")
and s'+ i’ with i’,s’ € ck. This agent i’ matches
with object s’ that ranks her first on its priority list
among agents belonging to I\ Uksl . We  reach
the matching y,’(’m = ,u;{’lvl + (i, s") = (@, /J,’(’Ll(i’)) —
(G, () = 341G DI, () = 8% where
s'+ i’ and{’, s’ € c}. We proceed as above until we reach
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the matching uj , = uy,_, + {(i, $)li, s € clands > i} —
"

{(i,,uk,l_l(i))li,s echands = i} —{(j,s)j ¢ ck.i,s €
clos e tand uyy ((8) = j}+ {1 & chivs € c,
s+~ iand /x;{” 1-1(8) = j }, where each agent involved in cf(
is matched to the object that ranks her first on its priority
list among agents belonging to I\ UKL L. Step 21 A
counts at most ¢} steps.

Let Th = {(i’)}fli1 be such that i" € ck and i" = io,#
i1 =1i,,, with 0, < 0,4 for r = 1, ..., & — 1. That is,
T} is an ordered set of the agents involved in cycle ck,
where ¢, = #{i € Ili € c}} is the number of agents
involved in cycle c. From the matching My > agents il to
i%~1 successively leave their objects to reach the matchlng
ukl = /.tk, - {G,9)i,s e ck,s — iand i # lck}+
{(i, D)li,s € ¢k, s = i and i # i}, where only agent i is
still matched to the object that ranks her first on its priority
list among agents belonging to I'\ UKL 1. Step kLB counts
at most ck — 1 steps.

Step k.I.B.

Step k..C. From the matching |, agent i% first matches with her
top choice object s € S\ Uk:_f S; to reach the matching
Mg+ (iffc, s) — (iégc,/x;{’!l(ifk)), where s is such that
i~ sandi,s € ck. Notice that § was unassigned at uy ;,
whereas the object that ranks ik ﬁrst on its priority list
among agents belonging to I \U L, ie., uy (i), is now
unassigned. Next, agents i* to i k‘l success1vely match
to their top choice object in S\ ULS, to reach
the matching ML’CI = MLJ —{@, 9)li,s € cf{ and s — i} +
{(i,s)li,s € ckand i  s}. Step k..C counts at most ¢}
steps. We have reached ;") with mk C ) and so agents
belonging to ck are ass1gned to the same object as in u”.
Step kI counts at most 3¢} — 1 steps. Hence, it is sufficient
that the agents who move in Step k I look forward 3¢, — 1
steps ahead to have incentives for engaging the move to-
ward the matching p;’;, where they already get the object
assigned by the TTC. Once they reach those matches, they
do not move afterwards. If 1 # Ly, then go to Step k.l + 1.

m

Otherwise, go to Step k. End with ;,Lk’Lk =My

Step k. End. We have reached /,L;(” Le with Uf_, My C My Lo If
754 = = u” then the process ends. Otherw1se go to Step

k+1.1.

End. The process goes on until Step k, where we reach
M]Z,Lk UF_, My = u”. Given k >3y — 1, we have that,
along the constructed horizon-k improving path, each
time an agent i is on the move, she has incentives to do
so, as her end match (i.e., her TTC match u’(i)) is
within her horizon. O

Tighter Bound on k

We now look whether one could find a tighter bound on k such that for
all k' > k, the singleton set {u”} is a horizon-k’ vNM stable set. Consider
the proof of Theorem 1. We modify Step 1.1.A - 1.1.C as follows.

Step 1.1.A. Let ¢} = (s}, il, ..., s, iY). If {(i, s)li, s € ciand s > i} C u,
then go to Step 1.1.B with p;, = u. I {(i, s)li, s € cland
s - i} gu, then choose any agent i € {i, ..., i'} such that
s # u(i) # uT (i) and s — i withi, s € c}, say agent i’. This
agent i’ matches with object s’ that ranks her first on its
priority list. Next, following the order i, ..., i%, i, i*"1, ..,
i1, we match each agent to the object that ranks her first
on its priority list (if not already matched to it). We reach
the matching ;) =u+{Gs)li,s€ clands - i} —
{G,u@)li,s e cland s = i} —{(j,s)lj & cl,i,s €cl,
s iandu(s) =j}+{(,j)l € cl,i,s € cl,s— i and
u(s) = j}, where each agent involved in ¢} is matched to

the object that ranks her first on its priority list, ie., i* is
matched to s for all k = 1, ..., . Step 1.1.A counts at most
¢l = #{i € Ili € cl} steps.

Step 1.1.B. From the matching y; ,, let agent i"*' leave her object
st*+1 so that object s'*! is not matched to any agent. Next,
we match s'*! to agent i. Now, agent i’ is matched to the
object she gets under the TTC mechanism. As agent i
matches with s'*1, the object s’ is not assigned to any
agent. Next, we match s* to agent i’~1. Now, agent i’~! is
matched to the object she gets under the TTC mecha-
nism and the object s‘~! is not assigned to any agent.
Next, we match s‘~! to agent i*"2. Now, agent ‘=2 is
matched to the object she gets under the TTC mecha-
nism and the object s'~2 is not assigned to any agent, and
so forth until we match s’ to agent i**!. We have reached
Zm mi C uy’, and so agents belonging to cl are
assigned to the same object as in u”. If1 # L,, then go to
Step 1.2. Otherwise, go to Step 1. End with ,ug”Ll =pyy-
In Step 1.1.B, each agent obtains her object assigned by
the TTC algorithm after at most &} + 2 steps from having
matched in Step 1.1.A to the object that ranks her first

on its priority list.

Step 1.1 originally counts at most 3¢} — 1 steps. As we use now the order
in which the agents are matched to the objects that rank them first on
their priority lists in Step 1.1.A, there is at most ¢} + 2 steps between the
first move of an agent in Step 1.1.A and her final move in Step 1.1.B.
Hence, it becomes sufficient that the agents who move in Step 1.1 look
forward ¢} + 2 steps ahead to have incentives for engaging the move
toward the matching p",, where they already get the object assigned by
the TTC. Once they reach those matches, they do not move afterwards.

Thus, the lower bound k = y + 2 is a tighter bound on k such that for
all k' > k, the singleton set {u’} is a horizon-k’ vNM stable set.*

Horizon-L Farsighted Set

The notion of a horizon-L farsighted set of matchings is obtained by
adapting Herings et al. (2019)'s definition of a horizon-L farsighted set
of networks to priority-based matching problems.

Definition 6. Let(I, S, P, F) be a priority-based matching problem. A
farsighted improving path of length L from a matching u € M to a
matching ¢’ € M\{u} is a finite sequence of distinct matchings
Ho> - 4, With g = p and p; = g’ such that for every I € {0, ..., L — 1}
either

i, =m—3Gs)+ (i) for some (i,s)€IxS such that
py, (D Pipy (D), or

i oy =+ 08) = @ u@) = {0 Dy (D = st + {0, DI () = s
for some (i, s) € I X S such that y; ()P, (i) and F (@) < F(j) if

ﬂl(s) =J.

If there exists a farsighted improving path of length L from u to u', then we
write u—spu'. For a given matching u and some L' > 1, let () be the
set of matchings that can be reached from u by a farsighted improving path
of length L <I'. That is, ¢,/ (u) = (&’ € MIA L <L’ such that u—s '},
Let ¢ () = {u' € MI3 L € N such that u—s; '} = ¢._(u) denote the
set of matchings that can be reached from u by some farsighted improving
path. From Lemma 1 in Herings et al. (2019), we have that for every L > 1,
for every u € M, it holds that ¢L(/,¢) C ¢L+1(ﬂ) and that for L > k*, for
every 4 € M, it holds that ¢L(pc) ¢L+1(,u) = ¢, (W) = ¢, ().

The set $, (1) = $,($,() = W’ € M3 &' € ¢, () such that u’ € ¢, (")}
consists of those matchings that can be reached by a composition of two
far31ghted improving paths of length at most L from u. For m € N, let
¢ (u) be the matchings that can be reached from u by means of m
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compositions of farsighted improving paths of length at most L. Let $ ;o
denote the set of matchings that can be reached from u by means of any
number of compositions of farsighted improving paths of length at most
L

The notion of a horizon-L farsighted set is based on two main
requirements: horizon-L deterrence of external deviations and
horizon-L external stability.

Definition 7. For L > 1, a set of matchings V C M satisfies horizon-L
deterrence of external deviations if for every u € V,*

i V(,s)&usuchthat @ = p + (i,5) — (i, p(@) — {(J, ) (j) = s+
{(Aj,j M (j) = s} ~and s gV, either there exists we
[¢, @) N VIU[@,_(@)\¢,_,(@)] such that uRy', or
F@) > K@) if u(s) =},

ii. V(,s)€u such that @ =u —(,s) + (i,i) and ¥ & V, there
exists ¢’ € [¢,_, (@) N VI U [¢,_; (@) \@,_, ()] such that uR;u’.

Definition 7 captures that forming the match (i,s) at © €V and
reaching a matching [ outside of V, is deterred by the threat of ending
in u'. Here, i’ is such that either there is a farsighted improving path of
length smaller than or equal to L — 2 from & to ' and ' belongs to V
or there is a farsighted improving path of length equal to L — 1 from &
to u’ and there is no farsighted improving path from & to 4’ of smaller
length.

Definition 8. For L >1, a set of matchings V' C M satisfies horizon-L
external stability if for every ' € M\V, ¢, “WHNV £

Definition 9. For L >1, a set of matchings V C M is a horizon-L
farsighted set if it is a minimal set satisfying horizon-L deterrence of
external deviations and horizon-L external stability.

Proof of Theorem 2. Take L >3y. We show that {u’} is a horizon-L
farsighted set. First, {u’} is a minimal set. Second, {u’} satisfies
horizon-L deterrence of external deviations. Any deviation from ! to
g =pu" — (i, 1T (@) + (I, i) is deterred as agent i is worse off at fI, where
(i) = i. An agent i may only have incentives to deviate from u’ to
B=p"+Gs) = @ p@) = {G, k() = st + {(,))u()) = s} if she
matches to an object s that was assigned in u’ to some agent j
who belongs to a cycle formed before agent i's cycle in the
TTC algorithm. Hence, any deviation from u’ to @ =ul+
@, S) - (@, u(l)) — {0, D) = s} + {U, J)lﬂ(J) = s} can be deterred
as ul' — (G, uT (@) + (,0) € ¢L (@) and uT' e ¢L 1(@). Indeed, from &
the agents belonging to agent j's cycle in the TTC algorithm can simply
follow the steps of Theorem 1's proof to reach u’ — (i, u* () + (i, i),
and this far51ghted improving path counts at most 3y — 1 moves. For
L>3y,uf e ¢L 1({), as agent i has incentives to match to s = u’ (i) at
ul — (i, u" (@) + (i, i). Third, the horizon-k improving path from
Theorem 1's proof can be decomposed in a succession of farsighted
improving paths of length smaller than or equal to 3y — 1, where each
farsighted improving path consists of the formation of the matches
between the agents belonging to the same cycle in the TTC algorithm.
Hence, for every ue€ M\{u'},ul € ¢ (), and so {uT} satisfies
horizon-L external stability. O

Proof of Proposition 1

Proof. As {u*} is a singleton set, internal stability (IS) is satisfied. (ES)
Take any matching u # u*; we need to show that ¢, (u)ou* for
k >2n + 2. We build in steps a horizon-k improving path from u to u*
for k >2n + 2. We consider two cases.

1. Take u # u* such that the couple (i*, c(i*)) does not obtain their
most preferred matches. From u, looking forward k steps ahead,
agent i* matches successively with each object s # u* (i*) that
was assigned to some agent j#c(i*) under u (e,

u(s) € I, u(s) # c(i*)) to reach y'. Next, agent i* matches with
w* (i*) to reach the matching u, where
(@) = (@), (@) = u(e@)) and p'@ =i for all
ieli#i*c@*). Next, if u(c(i*))# u*(c(@@*)), agent c(i*)
matches with u*(c(i*)). Next, eachi € I (i # i*) matches one by
one to the object she is assigned to in u*. Hence, u* € @, (w).

2. Take u # u* such that the couple (i*, c(i*)) obtains their most
preferred matches. As u* is Pareto-efficient, there is some couple
(J, ¢(j)) that prefers * to u. (2.a) If 1 (j) # j (or u(e(j)) # c¢(j)
then, looking forward k step ahead, agent i* and agent j if
1(j) #j (or agent c(j) if u(c(j)) # c(j)) give up their objects to
reach y', where u'(i*) = i* and u'(j) = j. The couple (j, ¢(j))
strictly prefers u* to u, whereas couple (i*, ¢ (i*)) is indifferent. In
1 # u*, the couple (i*, c(i*)) does not obtain their most pre-
ferred matches, and so we proceed as in (1) to reach u*. Hence,
u* € ¢, (1). (2.b) Assume now that there is no couple that prefers
u* to u and one of the partner is assigned to some object in u.
Therefore, u(j) =j and u(c(j)) = c(j) for every couple (j, c(j))
that prefers u* to u (i.e., both members of couple (j, ¢(j)) are
unassigned in u). Then, there is at least one agent j and some
unassigned object s in u (i.e., #{i € II(i, s) € u} = 0) such that the
couple (j, c¢(j)) prefers u* to i’ = u + (j, s). Otherwise, u* would
be Pareto-dominated, contradicting the assumption that u*
Pareto-efficient. In u’ # u*, the couple (i*, c(i*)) obtains their
most preferred matches and u'(j) # j for some couple (j, ¢(j))
that prefers u* to u'. From u’ we proceed as in (2.a) to reach u*.
Hence, u* € ¢, (). O

Proof of Theorem 3

Proof. From the proof of Theorem 1, it follows that {¥'} is a horizon-k
VNM stable set for k > 3y — 1.>* We now show that {7} is the unique
horizon-k VNM stable set for k >3y — 1 as @, (u’) = @. Consider any
cycle that is obtained in the first step of the TTC algorithm. All the
agents involved in this cycle obtain their most preferred object in u”
and, in this cycle, any agent obtains the endowment of another agent
who is also in the cycle. Hence, from u”, they will never engage a move
toward another matching. Consider now any cycle that is obtained in
the second step of the TTC algorithm. Taking as fixed the matches done
in u! by all agents involved in any cycle of the first step of the TTC, all
the agents involved in this cycle of the second step of the TTC obtain
their most preferred object in u* and, in this cycle, any agent obtains the
endowment of another agent who is also in the cycle. Knowing that
agents from any cycle of the first step of the TTC will never engage a
move, agents from any cycle of the second step of the TTC will never
engage either a move from u” toward another matching. Repeating this
argument with the matches found in steps 3, 4, ... of the TTC leads to
the conclusion that §, (u”) = @. Hence, any set V # {u’} would violate
(ES) or (IS), and so {u’} is the unique horizon-k VNM stable set for
k>3y—-1. O
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