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1. Introduction

Abdulkadiroglu and Sonmez (2003) formulate the school choice problem of assigning students to schools as a mechanism de-
sign problem.! Each student has strict preferences over all schools and each school has a strict priority ordering imposed by state
or local laws of all students. The outcome of a school choice problem is a matching that assigns schools to students such that
each student is assigned at most one school and no school is assigned to more students than its capacity. Two prominent mecha-
nisms used for priority-based matching are the Gale and Shapley’s (1962) Deferred Acceptance (DA) mechanism and the Shapley
and Scarf’s (1974) Top Trading Cycles (TTC) mechanism. Both mechanisms are strategy-proof: truthful preference revelation is a
weakly dominant strategy for students.”> On the one hand, the TTC mechanism is Pareto efficient while the DA mechanism may
select an inefficient matching. On the other hand, the DA mechanism is stable while the TTC mechanism may select an unstable
matching.

A stable matching in the context of school choice eliminates justified envy in the sense that there is no unmatched student-school
pair (i, s) where student i prefers school s to her assignment and she has higher priority than some other student who is assigned a seat
at school s. Since only the preferences of students matter in the context of school choice, the stable matching that results from the DA
mechanism Pareto dominates any other matching that eliminates justified envy and is strategy-proof. However, this matching may

* Corresponding author.
E-mail addresses: aatay@ub.edu (A. Atay), ana.mauleon@uclouvain.be (A. Mauleon), vincent.vannetelbosch@uclouvain.be (V. Vannetelbosch).
! Abdulkadiroglu and Andersson (2023) provide an extensive survey of school choice. See also Roth and Sotomayor (1990) or Haeringer (2017) for an introduction
to matching problems.
2 Reny (2022) introduces the Priority-Efficient (PE) mechanism that always selects a Pareto efficient matching that dominates the DA stable matching, but PE is
not strategy-proof. Another attempt to improve the efficiency of the DA mechanism can be found in Kesten (2010).
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still be Pareto-dominated.® A Pareto efficient and strategy-proof matching is obtained by the TTC mechanism. There is no mechanism
that is both Pareto efficient and stable.*

Experimental and empirical studies suggest that individuals often differ in their degree of farsightedness, i.e., their ability to
forecast how others will react to the decisions they make. Recent experiments on network formation provide evidence in favor of a
mixed population consisting of both myopic and (limited) farsighted individuals (see Kirchsteiger et al., 2016; Teteryatnikova and
Tremewan, 2020). The aim of this paper is to provide a theoretical study of how the presence of farsighted students affects the stability
of different mechanisms used for priority-based matching problems.

Up to now, it has been assumed that all students are myopic when they decide to join or leave some school. Myopic students do
not anticipate that other students may react to their decisions. Coalitions of farsighted students can anticipate the actions of other
students and consider the end matching that their deviations may lead to. For instance, looking forward joining her favorite school
s’ whose capacity is full, a farsighted student i may join first the school s where she has priority and thereby pushes student j out
of school s. Later on, she can exchange her priority at school s with another student k who has priority at school s’, prefers s to s’
and is ranked worse than j at s. In the end matching both students i and k end up with their favorite school. In the context of school
choice, our paper is the first to study the stable matchings when students are farsighted.

Does the TTC mechanism lead to a stable matching when students become farsighted? To address this question, we adopt the
notion of farsighted stable set for school choice problems to study the matchings that are stable when students farsightedly apply to
schools while schools myopically and mechanically enroll students.® A farsighted improving path for school choice problems consists
of a sequence of matchings that can emerge when farsighted students form or destroy matches based on the improvement the end
matching offers them relative to the current one while myopic schools always accept any student on their priority lists unless they
have full capacity. In the case of full capacity, a school accepts to replace the current match by another match if each student who
leaves the school is replaced by a newly enrolled student who has a higher priority. A set of matchings is a farsighted stable set if it
satisfies (Internal Stability) for any two matchings belonging to the set, there is no farsighted improving path connecting from one
matching to the other one, and (External Stability) there always exists a farsighted improving path from every matching outside the
set to some matching within the set.

We show that, once students are farsighted, the matching obtained from the TTC algorithm becomes stable, and moreover, a
singleton set consisting of the TTC matching is a farsighted stable set. In fact, we construct a farsighted improving path from any
matching leading to the TTC matching. Along the farsighted improving path, students belonging to cycles sequentially act in the
order of the formation of cycles in the TTC algorithm. Looking forward towards the end matching (i.e. the TTC matching), students
belonging to a cycle first get a seat at the school they have priority. Second, they leave that school and thereby guarantee a free seat
at that school. Third, they join the school they are matched to in the TTC matching.

Thus, the matching obtained from the TTC algorithm is not only Pareto efficient and strategy-proof, it is also farsightedly stable.
On the contrary, the matching obtained from the DA algorithm may not belong to any farsightedly stable set. In addition, starting
from any matching, students only need to look forward (at least) three steps ahead to have incentives for engaging a move towards the
matches they have in the matching obtained from the TTC algorithm. Hence, little farsightedness is already sufficient for stabilizing
the matching obtained from the TTC algorithm.

Hakimov and Kesten (2018) introduce the Equitable Top Trading Cycles (ETTC) mechanism, a variation of the TTC mechanism
for selecting a matching that intends to be more equitable or fair by eliminating avoidable justified envy situations. We show that a
singleton set consisting of the ETTC is a farsighted stable set. However, compared to the TTC, the ETTC requires more farsightedness
on behalf of students; i.e., students need to look forward more than three steps ahead to have incentives to move towards their ETTC
partners. Morrill (2015) proposes both the First Clinch and Trade (FCT) mechanism and the Clinch and Trade (CT) mechanism in order
to reduce the distortions the TTC may cause regarding the elimination of justified envy. We show that the matchings obtained from
those two variations are farsightedly stable too whenever students belonging to a cycle look forward at least three steps ahead. The
TTC algorithm as well as its three variations leads to Pareto efficient matchings. One may be tempted to infer that any Pareto efficient
matching can be stabilized once students are farsighted. However, we show that Pareto efficiency is not a sufficient condition for a
matching to be farsightedly stable.® Notice that the TTC algorithm and these three variations lead also to strategy-proof matchings.
Unfortunately, Pareto efficiency and strategy-proofness do not guarantee that the outcome of a mechanism belongs to a farsighted
stable set.

To sum up, farsightedness stabilizes the matching obtained from the TTC algorithm while destabilizes the matching obtained from
the DA algorithm, and so may tip the balance in favor of TTC or one of its variations.

In addition, Abdulkadiroglu et al. (2020) provide both theoretical and empirical results supporting the TTC mechanism over
alternative mechanisms. The TTC mechanism is justified envy minimal in the class of Pareto efficient and strategy-proof mechanisms
in priority-based one-to-one matching problems. Justified envy minimal means that the mechanism satisfies Pareto efficiency with the
minimal amount of (myopic) instability. In priority-based many-to-one matching problems, the TTC mechanism admits less justified

3 Dogan and Ehlers (2021) characterize the priority profiles for which there exists a Pareto improvement over the DA matching that is minimally unstable among
Pareto efficient matchings.

4 See e.g. Roth (1982). Che and Tercieux (2019) show that both Pareto efficiency and stability can be achieved asymptotically using DA and TTC mechanisms when
agents have uncorrelated preferences.

5 See Chwe (1994), Mauleon et al. (2011), Ray and Vohra (2015, 2019), Herings et al. (2019, 2020), Luo et al. (2021) for definitions of the farsighted stable set.

¢ The matching obtained from the Immediate Acceptance (IA) algorithm (i.e. the Boston mechanism) may not belong to any farsighted stable set. The IA mechanism
satisfies Pareto efficiency but is not strategy-proof.
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envy than the Serial Dictatorship mechanism in an average sense. Recently, Dogan and Ehlers (2022) show that, for any stability
comparison satisfying three basic properties, the TTC mechanism is minimally unstable among Pareto efficient and strategy-proof
mechanisms when schools have unit capacities.

The paper is organized as follows. In Section 2, we introduce priority-based school choice problems. In Section 3, we provide a
formal description of the TTC mechanism and its algorithm. In Section 4, we introduce the notions of farsighted improving path and
farsighted stable set for school choice problems, and we provide our main result. In Section 5, we look at how much farsightedness
is needed for getting our main result. In Section 6, we consider variations of the TTC mechanism. In Section 7, we conclude.

2. School choice problems
A school choice problem is a list (1, .S,q, P, F) where

@) I={iy,...,i,} is the set of students,
@ii) S ={sy.....s,} is the set of schools,
(iii) ¢ =(q, e qsm) is the quota vector where g, is the number of available seats at school s,
(iv) P= (P,-1 sy P,-”) is the preference profile where P, is the strict preference of student i over the schools and her outside option,
W) F= (Fs] s Fs,,,) is the strict priority structure of the schools over the students.

Let i be a generic student and s be a generic school. We write i for singletons {i} C I and s for singletons {s} C .S. The preference
P, of student i is a linear order over .S U . Student i prefers school s to school s’ if sP;s’. School s is acceptable to student i if sP,i.
We often write P, =s,s’,s” meaning that student i’s most preferred school is s, her second best is s’, her third best is s” and any
other school is unacceptable for her. Let R; be the weak preference relation associated with the strict preference relation P,.”

The priority F; of school s is a linear order over I. That is, F assigns ranks to students according to their priority for school s.
The rank of student i for school s is denoted F(i) and F(i) < F(j) means that student i has higher priority for school s than student
j.ForseS,iel,let F*(s,i)={j €| F,(j) < F,(i)} be the set of students who have higher priority than student i for school s.

A matching y for a school choice problem is a set of ordered pairs {(i,/)};es jesy(;} Such that for all i € I and all s € S the
following hold: (i) for each i € I there is a unique j € S U {i} with (i, j) € y, (ii) for each s € S it holds that #{i € I | (i,5) € u} < g,.
For i € I we write j = u(i) if (i, j) € u; for s € S we write i € u(s) if (i, s) € u. Condition (i) means that student i is assigned a seat at
school s under u if u(i) = s and is unassigned under u if u(i) = i. Condition (ii) requires that no school exceeds its quota under y. The
set of all matchings is denoted M. For instance, y = {(i},$,), (ip,5), (i3, 5), (i, i4)} is the matching where student i; is assigned to
school s,, students i, and i3 are assigned to school s; and student i, is unassigned.

Given a school choice problem (I, .S, q, P, F), a matching yu is stable if

(i) for all i € I we have u(i)R;i (individual rationality),
(ii) forallie I and all s €S, if sPu(i) then #{j € I | u(j) = s} = g, (non-wastefulness),
(iii) for all i, j € I with u(j) =s, if u(j)P;u(i) then j € F*(s,i) (no justified envy).

Let S(I,S,q, P, F) be the set of stable matchings. A matching x4’ Pareto dominates a matching p if 4/ (i)R;u(i) for all i € I and
u'( DP;u(j) for some j € I. A matching is Pareto efficient if it is not Pareto dominated by another matching. Let £(1, S, q, P, F) be
the set of Pareto efficient matchings.

A mechanism systematically selects a matching for any given school choice problem (7, S, g, P, F). A mechanism is individually
rational (non-wasteful / stable / Pareto efficient) if it always selects an individually rational (non-wasteful / stable / Pareto efficient)
matching. A mechanism is strategy-proof if no student can ever benefit by unilaterally misrepresenting her preferences.

3. The Top Trading Cycles algorithm

Abdulkadiroglu and Sénmez (2003) introduce the Top Trading Cycles (TTC) mechanism for selecting a matching for each school
problem. The TTC mechanism finds a matching by means of the following TTC algorithm.

Step 1. Set q; =g, for all s €.S where qi is equal to the initial capacity of school s at Step 1. Each student i € I points to the school
that is ranked first in P,. If there is no such school, then student i points to herself and she forms a self-cycle. Each school s € §
points to the student that has the highest priority in F,. Since the number of students and schools are finite, there is at least one
cycle. A cycle is an ordered list of distinct schools and distinct students (s',i', 52, ..., s',i’) where s' points to i! (denoted s! - i),
il points to 2t s, ..., s points to il (s'~il)and i points to s! (i’ » s1). Each school (student) can be part of at most
one cycle. Every student in a cycle is assigned a seat at the school she points to and she is removed. Similarly, every student in a
self-cycle is not assigned to any school and is removed. If a school s is part of a cycle, then its remaining capacity q? =q sl —1.Ifa

school s is not part of any cycle, then its remaining capacity ¢; = g.. If ¢ =0, then school s is removed. Let C; = {c], cf, . clL‘ }

7 Haeringer and Klijn (2009) investigate constrained school choice problems where students can only rank a fixed number of schools.
8 Throughout the paper we use the notation C for weak inclusion and C for strict inclusion. Finally, # will refer to the notion of cardinality.
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be the set of cycles in Step 1 (where L; > 1 is the number of cycles in Step 1). Let I; be the set of students who are assigned to
some school at Step 1. Let m’1 be all the matches from cycle ci that are formed in Step 1 of the algorithm:

I {G.s)li,s€c)andir s} if ¢l #())

i‘n1 = .o . } . (1)
{G.)} if ¢ =)

where (j, j) simply means that student j who is in a self-cycle ends up being definitely unassigned to any school. Let M| = IL=‘ | m’1

be all the matches between students and schools formed in Step 1 of the algorithm.

Step k > 2. Notice that qf keeps track of how many seats are still available at the school at Step k of the algorithm. Each remaining
studentie I\ Uf:ll I, points to the school s that is ranked first in P, such that qé‘ > 1. If there is no such school, then student i
points to herself and she forms a self-cycle. Each school s € S such that qf > 1 points to the student j € I \ U;:ll 1, that has the
highest priority in F;. There is at least one cycle. Every student in a cycle is assigned a seat at the school she points to and she
is removed. Similarly, every student in a self-cycle is not assigned to any school and is removed. If a school s is part of a cycle,

then its remaining capacity g+! = ¢g¥ — 1. If a school s is not part of any cycle, then its remaining capacity g*! = ¢*. If g+ =0,

then school s is removed. Let C; = {c]i,ci, ...,ckL"} be the set of cycles in Step k (where L, > 1 is the number of cycles in Step
k). Let I, be the set of students who are assigned to some school at Step k.
Let mf( be all the matches from cycle c,’{ that are formed in Step k of the algorithm:
p {(,9)|i,s€cp and i s} if ¢ #())
m, = K . ; 2)
k { {G.)} if cz=(1)

Let M, = U,L:kl mi be all the matches between students and schools formed in Step & of the algorithm.
End. The algorithm stops when all students have been removed. Let k be the step at which the algorithm stops. Let uT denote the
matching obtained from the Top Trading Cycles mechanism and it is given by 7 = Ui=] M.

1

Notice that, for any k’ € {1,...,k — 1}, given all the matches already settled, i.e. Uﬁ;l M,, students involve in cycle Coryrr

le€{l,...,Ly.}, of Step k' + 1 of the TTC algorithm obtains their best possible assignment in m2,+ -

Abdulkadiroglu and Sonmez (2003) show that the TTC mechanism is Pareto efficient and strategy-proof. TTC is also individually
rational and non-wasteful, but it is not stable.

In addition to TTC, two alternative mechanisms are also central to the theory of school choice and commonly adopted all over
the world: the Deferred Acceptance (DA) algorithm and the Immediate Acceptance (IA) algorithm, also known as the Boston mecha-
nism. Let 4© denote the matching obtained from the DA mechanism and uB denote the matching obtained from the IA (or Boston)
mechanism.

4. Farsighted stable sets for school choice

We adopt the notion of farsighted stable set for school choice problems to study the matchings that are stable when students
farsightedly apply to schools while schools myopically and mechanically enroll students. The notion of a farsighted stable set for
school choice problems is adapted from the notion of a myopic-farsighted stable set that has been introduced by Herings et al. (2020)
for two-sided matching problems and by Luo et al. (2021) for network formation games.’

A farsighted improving path for school choice problems is a sequence of matchings that can emerge when farsighted students
form or destroy matches based on the improvement the end matching offers them relative to the current one while myopic schools
form or destroy matches based on the improvement the next matching in the sequence offers them relative to the current one.

Let P(u(s)) denote the power set of the set u(s), i.e. the set of all subsets of u(s).

Definition 1. Given a matching y, a coalition N C I U S is said to be able to enforce a matching y’ over u if the following conditions
hold:

@ #'(s) & P(u(s)) U {s} implies (4'(s) \ u(s)) U {s} C N and
(i) 4/ (s) € P(u(s)) U {s}, ' (s) # u(s), implies either s or u(s) \ 4’ (s) or s together with a non-empty subset of yu(s) \ u’(s) should be
in N.

Condition (i) says that any new match in y’ that contains different partners than in u should be such that s and the different
partners of s belong to N. Condition (ii) states that so as to leave some (or all) positions of one existing match in y unfilled, either s
or the students leaving such positions or s and some non-empty subset of such students should be in N.

9 When all agents are myopic, the myopic-farsighted stable set boils down to the pairwise CP vNM set as defined in Herings et al. (2017) for two-sided matching
problems. Ehlers (2007) introduces another set-valued concept based upon the concept of vNM stable sets.
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Definition 2. Let (I,.S,q, P, F) be a school choice problem. A farsighted improving path from a matching 4 € M to a matching
u' € M\ {u} is a finite sequence of distinct matchings . ..., u; with py=u and pu; = ' such that for every / € {0, ..., L — 1} there
is a coalition N; C I U S that can enforce y,,; from y;, and

@) pp ()R i) forallie N;n I and ur(DPp () for some je N;n 1,
(i) For every s € N; NS such that #u,(s) + #(s;,1(s) \ p;(5)) > gy, there is {iy,...,i;} C (1 () \ () and {jy, ..., 75} = (u(s) \
#;,1(s)) such that

Fy(iy) < Fi(y)
Fi(ip) < Fy(j,)

Fs(iJ) < FY(JJ)

Notice that y,(s) are the students who are assigned to school s in y; and (4, (s) \ #;(s)) are the students who join school s in
Hy,1- Thus, a farsighted improving path for school choice problems consists of a sequence of matchings where along the sequence
(i) students form or destroy matches based on the improvement the end matching offers them relative to the current one while (ii)
schools always accept any student on their priority lists unless they have full capacity. In the case of full capacity, a school s € N;n .S
accepts to replace the match y; by ;. if each student i € (u(s) \ #;,(s)) who leaves or is evicted from school s from y; to ;. is
replaced by a newly enrolled student who has a higher priority.

Let some u € M be given. If there exists a farsighted improving path from a matching u to a matching y’, then we write 4 — y’. The
set of matchings 4’ € M such that there is a farsighted improving path from y to u’ is denoted by ¢(u), so ¢p(u) = {y' € M | u— y'}.

Definition 3. Let (I,.S,q, P, F) be a school choice problem. A set of matchings V' C M is a farsighted stable set if it satisfies:

(i) For every u,u’ €V, it holds that u’ & ¢(u).
(ii) For every u € M\ V, it holds that ¢p(u) NV # @.

Condition (i) of Definition 3 corresponds to internal stability (IS). For any two matchings u and ' in the farsighted stable set V'
there is no farsighted improving path connecting y to x’. Condition (ii) of Definition 3 expresses external stability (ES). There always
exists a farsighted improving path from every matching u outside the farsighted stable set V' to some matching in V.1°

Theorem 1. Let (I, S, q, P, F) be a school choice problem and u” be the matching obtained from the Top Trading Cycles mechanism. The
singleton set {u" } is a farsighted stable set.

Proof. Since {u”} is a singleton set, internal stability (IS) is satisfied. (ES) Take any matching u # uT, we need to show that
¢(u) > u”'. We build in steps a farsighted improving path from u to 4’ . Remember that u” = U:=1 M, where M, = L_JIL:"1 mi are all
the matches between students and schools formed in Step k of the TTC algorithm, and mi is given by Expressions (1) and (2).

Step 1.1. If m; C pand 1 # L, then go to Step 1.2 with 4] = . If m; C pand 1 = L, then go to Step 1.End with ;4’1”Ll =u.Ifm Eu

then 4/} | =y — {(,u(D) | (i, u7 (1) € my and p(i) # i} + {(.9) | 1.5 € ¢ and s = i} = {(J.5) € u | s E ¢, p(s) N e} =, #u(s) =
q, and F,(j) > F,(j’) for all j’ € u(s),j' # j}.'! That is, starting from u, looking forward towards 7, the coalition of students

belonging to C11 has incentives to deviate to ;4; | Where each student in cl1 is assigned to the school where she has the highest

priority. Students belonging to ¢ 11 obtain in u” their best possible match. Schools have incentives to accept those students because
either they do not have full capacity or the new student replaces the student who had the lowest priority among the students
enrolled at the school. Next, students belonging to c]1 leave their school to reach /4;’1 = yq = {G,9)]i,s € cl1 and s — i}. Next,

each student belonging to cl1 joins her most preferred school to reach ui"\ =y} +{(i.5) |i.s € cll and i — s}. Schools accept
n n

1,1 1,1
assigned to the same school as in u”. If 1 # L, then go to Step 1.2. Otherwise, go to Step 1.End with u

those students since they have (at least) one vacant position. We reach u'” with m% C p!"" and so students belonging to cll are

"o _ M
L, =ML

Step 1.1. (!> 1) If m| C /") and I # L; then go to Step 1./+1 with p/ = 4" . If m\ C u!") and I =L, then go to Step 1.End

with M;’le =u))_ ) I m' & wu)_y then pf = pl' = {G.u))_ () | (i, u" (i)) € m' and w_ D #i}+ () |is € ¢/ and s —

10 When all agents (schools and students) are farsighted, the notion of the farsighted stable set in Definition 3 coincides with the definition of the vNM farsighted
stable set of Mauleon et al. (2011) who define and characterize the vNM farsighted stable set for two-sided matching problems. Dogan and Ehlers (2023) show the
existence of myopic-farsighted stable sets for matching problems where there are farsighted agents only on one side of the market, while there may be myopic agents
on both sides.

11 We use the notation + for adding pairs and — for deleting pairs.
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i}={(,s) e /41{;_1 |se cl, /4’1’; ()N ci =4, #y’lf;_l(s) =g, and F,(j) > F,(j’) for all j/ € yit;_l(s),j' # j}. From /4’1{;_1, looking
forward towards u”, the coalition of students belonging to c{ has incentives to deviate to ”;,1 where each student in ci

assigned to the school where she has the highest priority. Indeed, students belonging to ci obtain in 47 their best possible match.
Schools have incentives to accept those students because either they do not have full capacity or the new student replaces the

student who had the lowest priority among the students enrolled at the school. Next, students belonging to ci leave their school

is

to reach ;4” = ;4’1 , {G,s)|i,s € c’ and s — i}. Next, each student belonging to c’ joins her most preferred school to reach

/41'; =u" s {G,9) 1,5 € c and i — s} Schools accept those students since they have (at least) one vacant position. We reach

;4;’; with m C ;/ " and so students belonging to cl are assigned to the same school as in u”. If / # L, then go to Step 1./+1.

Otherwise, go to Step 1.End with /41’ ’L = /41’;
Step 1.End. We have reached /4’” with U - m =M, C ”;HL If ;4”’ = uT then the process ends. Otherwise, go to Step 2.1.
Step k.1. (k>2) If m /4,’{”1 L and 1#L, then go to Step k.2 w1th ;4”’ = ”Ilclil,Lk_]' If m /4/’(”1 L and 1 = L, then go to
Step k.End with y"' ”l,c,il,Lk,]' If mk o “llc,il,Lk,l then ”kl = /41'{"1 Lo {(i’ul/c/il,Lk,l(l)) | (l,ﬂT(l)) S m}( and ”;clil,Lk,](i) #
i}+{G,s)|i,s€e ck and s i} —{(,s) € ”llclil,Lk,l |se ck, ;4,’(”1 Lo (s)nck =0, #”;c’il,Lk,l(s) =gq, and F,(j)> F,(j') for all j’ €

n n
Hie—1,0,_, k=1,Lg_y’

incentives to deviate to ;41’c | where each student in ¢!

(s),j" # j}. Starting from u looking forward towards uT, the coalition of students belonging to c,i has now

. is assigned to the school where she has the highest priority among students

belonging to I \(Ullz,;l1 I;s). Remember that Ul,z,;ll I, is the set of students who are involved in UI;,;II M. Given that the

matches U',i,;ll M C yl’(’ ¢ 1L, are already settled and remain fixed, students belonging to cll obtain in u” their best possible

match. Schools have incentives to accept those students because either they do not have full capacity or the new student replaces
the student who had the lowest priority among the students enrolled at the school. Next, students belonging to c,l leave their
school to reach ykl = ykl {(G,9) | i,s € c1 and s — i } Next, each student belonging to cl joins her most preferred school

(constrained to U = 1 M, being fixed) to reach ;4’ "=pu! k T {(,s)]i,s€ c and i — s}. Schools accept those students since they

’ "

have (at least) one vacant position. We reach ;4’ / w1th m C uy and so students belonging to ck are assigned to the same school

asin uT. If 1 # Lk, then go to Step k.2. OtherWISe, go to Step k.End with yl’{”L = ”12”1

Step k.I. (I >2)If m « ”1,!;71 and / # L, then go to Step k./+1 with ;4’” ”1,!; - If m /4,’(”[ , and I = L, then go to Step k.End
with ML"L _,4;(’; I mk ¢ !y then = plt | = (G} () (i, u" () € m, and Wl #i}y+{Gs)|is € ¢, and s —
it ={(,s)e ;4;(’; 1se ck, ;4;(’; )N ck =0, #y;(;_l(s) =g, and F,(j)> F,(j') for all j’ € ul’cf’l_l(s),j’ # j}. Starting from ;4,’(’&_1,

looking forward towards u”, the coalition of students belonging to c;( has now incentives to deviate to /4,’( , Where each student

in c,’( is assigned to the school where she has the highest priority among students belonging to 1 \(Ui:1 I;,). Given that the
matches UIZ,;II M, C /4;(’ ¢ 1L, are already settled and remain fixed, students belonging to cL obtain in u” their best possible

match. Schools have incentives to accept those students because either they do not have full capacity or the new student replaces
the student who had the lowest priority among the students enrolled at the school. Next, students belonging to ci leave their
school to reach Ml’(’ [ = ;4]’( — e lise c’ and s — i}. Next, each student belonging to cl’( joins her most preferred school
(constrained to U P 1 M, being fixed) to reach ;4”’ ,u,’(’ (G s)ise c',’( and i — s}. Schools accept those students since they
have (at least) one vacant position. We reach // " with m ;4;{’ } and so students belonging to cll{ are assigned to the same school
asin uT.If | # L,, then go to Step k./+1. Otherw1se go to Step k.End with y’k”L = ;42”[

Step k.End. We have reached /4”’ with U vy My C ! " L JIf /4”’ = uT then the process ends. Otherwise, go to Step k+1.

End. The process goes on until Step k where we reach /4’ "= U e Me=uT. O

The matching obtained from the TTC algorithm is always Pareto efficient but may not be stable when students are myopic.
Theorem 1 shows that, once students are farsighted, the matching obtained from the TTC algorithm becomes stable.'> By means of
Example 1 we provide the basic intuition behind Theorem 1 and its proof.

Example 1 (Haeringer, 2017). Consider a school choice problem (I,.S,q, P, F) with I = {i|,i,,i3,i4} and S = {s},5,,53}. Students’
preferences and schools’ priorities and capacities are as follows.

12 This result is robust to the incorporation of various forms of maximality in the definition of farsighted improving path, like the strong rational expectations
farsighted stable set in Dutta and Vohra (2017) and absolute maximality as in Ray and Vohra (2019). See also Herings et al. (2020).
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Schools
Students

F,, F, Fg
p, B, B B g 2 1 1
51 S1 2.5 iy iy in
52 S2051 53 i3 ip i3
53 53 53 52 iy iy iy

i i3

In Example 1, uT = {(iy,s,), (i3, 5), (i3,55),(i4,53)} is the matching obtained from the TTC algorithm. In the first round of the
TTC algorithm, there is one cycle where student i; points to school s; and school s; points to student i;. That is, C; = {cl1 } with
c} =(s;,iy). Student i; is matched to school s;: mi = {(i1,s7)} and school s; has only one leftover seat. In the second round of the
TTC algorithm, there is one cycle where student i, points to school s;, school s, points to student i3, student i; points to school s,
and school s, points to student i,. That is, C, = {c;} with 021 = (81,13, 8,,1,). Student i, is matched to school s; and student i5 is
matched to school s,: mé ={(i»,51),(i3,5,)}, and so0 i, and i3 exchange their priority. In the third round of the TTC algorithm, there is
only one leftover student, i,, who points to school s; and school s5 points to student i4. That is, C3 = {031 } with c31 = (83,14). Student
i, is matched to school s5: m; ={(iy,53)}, and so u’ = m} Um; umj.

From Theorem 1 we know that {47} is a farsighted stable set. Indeed, from any u # u! there exists a farsighted improving
path leading to x”. We now provide the basic mechanism behind the construction of a farsighted improving path leading to x”.
Take for instance the matching uy = {(i}, s), (i, 5,), (i3, 53), (i4, 51)}. We now construct a farsighted improving from y, to ul =
{1, 80),(in,87), (i3, 89), (is, 53)} = py following the steps as in the proof of Theorem 1. First, we consider students and schools belonging
to the cycles in C;. Since mi = {(i1,51)} € Hy, student i; stays matched to school s, along the farsighted improving path, i.e. m% =
{(i1,51)} € uy, 0 <1< 4. Next, we consider students and schools belonging to the cycles in C,. Notice that mé = {(ip,51), (i3, 8)} N pg =
@. Looking forward towards 7, the coalition Ny, = {i,,i3,5,5,} deviates so that student i5 joins school s, and student i, joins schools
s, to reach the matching u = {(iy, ), (i5,5,), (i3, 1), (i4,i4)} where students i, and i; are matched to the schools where they have
priority. By doing so, they push student i, out of school s;. Next, the coalition N| = {i,, i3} deviates so that students i, and i; leave,
respectively, schools s, and s; to reach the matching u, = {(i},s1), (i5.1,), (i3,i3), (i4,i4)} where both students are not assigned to
any school. They are temporarily worse off, but they anticipate to end up in u’. Next, the coalition N, = {i,,i3,s;,5,} deviates
so that student i, joins school s; and student i; joins schools s, to reach the matching uz = {(iy, 51), (i5, 51), (i3, 55), (is.i4)} With
m; = {(i,51), (i3, 57)} € p3. Both schools accept to enroll those students because they are not at full capacity. Finally, we consider
students and schools belonging to the cycles in C;. Since m; = {(i4, 53)} N pu3 =9, the coalition N3 = {iy, s3} deviates so that student
i, joins school s5 to form the match (i4, ;) and to reach the matching u, = u”. Thus, u7 € ¢(uy).

In Example 1, uP = {(i1,51),(is,55),(i3,51), (ig, 53)} is the matching obtained from the Deferred Acceptance (DA) algorithm, uB =
{(i1,51),(is,53),(i3,5,),(ig, 51)} is the matching obtained from the Immediate Acceptance (IA) algorithm (i.e. the Boston mechanism).
Thus, uT # uP # u®. We next show that in Example 1, once students are farsighted, the matching obtained from the DA algorithm
and the matching obtained from the IA algorithm are unstable.

Since students are at least as well off and some of them (i, and i) are strictly better off in 47 than in uP, we have that there is no
farsighted improving path from u” to uP. That is, u? ¢ ¢(u”). Hence, {uP} is not a farsighted stable set since (ES) is violated. Let

1 =1y, 50, (i, 10), (i3, 52), (i 51)
12 = {3y, 1), (i, 53), (i3, ), (igo 57)} = i,
1= (1,51 (i, 59), (i3, 13), (i 1)}
1= {51, (i, 52), (i3, 83), (ig> 51) ),
1 = {01, 1), (i, 52, (i3, 81, (ig ig) }.

Computing the farsighted improving paths emanating from u”, we get ¢p(u’) = {u', u%, 4, u*}. Notice that > ¢ p(u”) since
student i, is worse off in u° than in 7. From p', 42, 13, u* and p°, there is a farsighted improving to u?. That is, u? € ¢(u) for
ue {u', w13, 1*, 17}, From uP there is only a farsighted improving path to u”; i.e. ¢p(uP) = {u”}. For a set V 2 {uP} to be a
farsighted stable set, we need that (i) ul ¢ V (otherwise (IS) is violated), (ii) a single u € {u, 42, 13, u*) should belong to V' to
satisfy (ES) since u? & ¢(u”). But, VV would then violate (IS) since u? € ¢(u) for u € {u', u?, 3, u*, u°}. Thus, there is no V such
that P € V that is a farsighted stable set in Example 1.

Since ¢(uP) = {uT}, there is no farsighted improving path from u? to u®. Thus, V' = {u®} does not satisfy (ES), and hence
V = {u®)} is not a farsighted stable set. Moreover, a set ¥ 2 {u®, uP} cannot be a farsighted stable since u? € ¢(u?). Otherwise, V'
would violate (IS) since there is a farsighted stable improving path from u® to u?.

Is V = {u"} the unique farsighted stable set in Example 1? Any other set ¥’ such that T € V' violates (IS), and hence u ¢ V.
Then, uP € V' because, otherwise, ¥/ violates (ES) since ¢(u?) = { 4T }. However, as shown before, there is no V' such that u? € v’
that is a farsighted stable set. Thus, we have that ¥ = {u”} is the unique farsighted stable set.
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Remark 1. There are school choice problems such that the matching obtained from the Deferred Acceptance (DA) algorithm does
not belong to any farsightedly stable set.

Since the matching obtained from the IA algorithm is Pareto efficient, Example 1 also shows that there are school choice problems
where some Pareto efficient matching does not belong to any farsighted stable set. Thus, Pareto efficiency is not a sufficient condition
for guaranteeing the stability of a matching when students are farsighted.

Remark 2. There are school choice problems such that some Pareto efficient matching does not belong to any farsighted stable set.

Corollary 1. Let (I, S,q, P, F) be a school choice problem and u” be the matching obtained from the Top Trading Cycles mechanism after
k steps. From any p # p" there is a farsighted improving path to u” with yy =y and py = u” such that for every I € {0,..., L — 1} there is
a coalition N; C Ulz:l C, that enforces ;| from y;.

Corollary 1 follows from the proof of Theorem 1. Notice that Ui:l C, is simply a collection of cycles from the TTC algorithm.
Definition 2 of a farsighted improving path is quite permissive in terms of the size of the coalition N, that enforces y;,; from ;.
However, Corollary 1 tells us that there exists a farsighted improving path from u # u” to u” with Ho=pand yu; = uT such that
for every I € {0, ..., L — 1} the coalition N, that enforces y,;,; from y,; consists of students (and possibly schools) who are part of the
same cycle in the TTC algorithm. Thus, for getting Theorem 1, it is sufficient to allow a deviating coalition (involving more than one
student) to be composed exclusively of students (and possibly their schools) who are exchanging their priorities among themselves in
the TTC algorithm. Such restriction seems not too demanding since students who coordinate their moves are the ones who exchange
their priorities.

5. Limited farsightedness

How much farsightedness from the students do we need to stabilize the matching obtained from the TTC algorithm? To answer
this question we propose the notion of horizon-k farsighted stable set for school choice problems to study the matchings that are
stable when students are limited in their degree of farsightedness. A horizon-k farsighted improving path for school choice problems
is a sequence of matchings that can emerge when limited farsighted students form or destroy matches based on the improvement
the k-steps ahead matching offers them relative to the current one while myopic schools form or destroy matches based on the
improvement the next matching in the sequence offers them relative to the current one. A set of matchings is a horizon-k farsighted
stable set if (IS) for any two matchings belonging to the set, there is no horizon-k farsighted improving path connecting from one
matching to the other one, and (ES) there always exists a horizon-k farsighted improving path from every matching outside the set
to some matching within the set.

Definition 4. Let (I, S,q, P, F) be a school choice problem. A horizon-k farsighted improving path from a matching y € M to
a matching ' € M\ {u} is a finite sequence of distinct matchings y, ..., u; with py = p and u; =y’ such that for every I €
{0,..., L —1} there is a coalition N, C I U S that can enforce y,; ; from y; and

) Hmingrk,0y OR;py () for all i € Nyn T and pryin (44,0, G) P14 (j) for some j€ NN 1,
(ii) For every s € N; n.S such that #p,(s) + #(s;,1(s) \ p;(5)) > gy, there is {iy,....i;} C (1 (8) \ py(s)) and {jy, ..., 55} = (u(s) \
H41(s)) such that

Fi(i)) < Fy(jy)
F(iy) < F5(jp)

F(iy) <F ()

Definition 4 tells us that a horizon-k farsighted improving path for school choice problems consists of a sequence of matchings
where along the sequence students form or destroy matches based on the improvement the k-steps ahead matching offers them
relative to the current one. Precisely, along a horizon-k farsighted improving path, each time some student i is on the move she is
comparing her current match (i.e. y,(i)) with the match she will get k-steps ahead on the sequence (i.e. 4, (i)) except if the end
matching of the sequence lies within her horizon (i.e. L <+ k). In such a case, she simply compares her current match (i.e. (7))
with the end match (i.e. y; ). Schools continue to accept any student on their priority lists unless they have full capacity. In the case
of full capacity, a school s € N; N S accepts to replace the match y; by y,,, if each student i € (y,(s) \ y;41(s)) who leaves or is
evicted from school s from y; to y;,; is replaced by a newly enrolled student who has a higher priority.

Let some y € M be given. If there exists a horizon-k farsighted improving path from a matching u to a matching x’, then we write
u =, 1'. The set of matchings u’ € M such that there is a horizon-k farsighted improving path from u to 4’ is denoted by ¢, (u), so
de(w) = {1 € M= i),

155



A. Atay, A. Mauleon and V. Vannetelbosch Games and Economic Behavior 149 (2025) 148-163

Definition 5. Let (I, .S, g, P, F) be a school choice problem. A set of matchings V' C M is a horizon-k farsighted stable set if it satisfies:

(i) For every u,u’ €V, it holds that y' & ¢, (u).
(ii) For every y € M\ V, it holds that ¢, (u) NV # 8.

From the construction of a farsighted improving path in the proof of Theorem 1 we have that students belonging to a cycle only
need to look forward three steps ahead to have incentives for engaging a move towards the matches they have in the matching
obtained from the TTC algorithm, x”. Once they reach those matches they do not move afterwards. The three steps consist of (i)
getting first a seat at the school they have priority, (ii) leaving that school and by doing so, guaranteeing a free seat at that school,
(iii) joining the school they match to in x”. Hence, for k > 3, there exists a horizon-k farsighted improving from any u # u” to u”,
and so {u”'} is a horizon-k farsighted stable set.!®

Corollary 2. Let (I, S,q, P, F) be a school choice problem and u” be the matching obtained from the Top Trading Cycles mechanism. The
singleton set {uT'} is a horizon-k farsighted stable set for k > 3.

6. Variations of the TTC algorithm
6.1. Equitable Top Trading Cycles algorithm

Hakimov and Kesten (2018) introduce the Equitable Top Trading Cycles mechanism for selecting a matching for each school
problem by means of the Equitable Top Trading Cycles algorithm (ETTC). They show that the ETTC mechanism is Pareto-efficient
and group strategy-proof and eliminates more avoidable justified envy situations than the TTC. Instead of allowing only the current
highest priority students to participate in the trading process, the ETTC assigns all slots of each school s to all the g, students with
the highest priorities in each school, giving one slot to each student and endowing them with equal trading power. The terms of trade
are next determined by a pointing rule specifying for each student-school pair which student-school pair should be pointed to among
those who contain the remaining favorite school.

In the ETTC, each student-school pair (i, s) points to the student-school pair (i’, s") containing the highest priority student for s, the
school contained in the former pair. By doing so, the ETTC mechanism ensures that the students involved in a cycle of student-school
pairs have the highest priority for their favorite schools among their competitors at that step of the trading market.

Example 2. Consider a school choice problem (1,S,q, P, F) with eight students, I = {i|,i,,i3,i4,i5.i¢,i7,ig} and four schools, S =
{51,585, 53,54 }. Students’ preferences and schools’ priorities and capacities are as follows.

Schools

F, F, F, F,

Students qs 1 3 3 1

kB B Ry Ry Ry B By L
s, 83 s s S4 Sy S48 ) ) Is lg
51 51 53 53 Sy Sy Sy 53 Is I3 i3 Is
53 Sy S¢Sy sz S3 S 5 7 s B
sS4 Sq4 Sy Sq4 S S S35 le I7 la Iy
i3 0 i g

Ig l5 i6 Iy

Let 4% be the matching obtained from the ETTC mechanism. We illustrate the mechanism behind the ETTC algorithm by means
of Example 2 which is adapted from Hakimov and Kesten (2018). A formal description of the ETTC algorithm can be found in
Appendix A.1.

In the inheritance round of the first step of the ETTC algorithm, all seats are available to inherit and so, students are assigned
to seats according to the priority orders F to form the following student-school pairs: (i1, 1), (ig, 52), (i2,55), (i3,5,), (i1,53), (i5,53),
(i3, s3) and (i,, s4). Next, each student-school pair (i, s) points to the student-pair (i’,s") such that s’ is the top choice of student i and
i’ has the highest priority for school s among the students who are assigned a seat at school s in the inheritance round. That is, (i}, s;)
points to (i5,s,), (i,,s,) points to (i3, s3), (i3, s3) points to (i1, s;). In addition, (is,s3) points to (i5,s,) and (i»,s4) points to (is,s3).

13 In Example 1, it is sufficient for the students who belong to c2‘ to look forward towards u; when they participate to the moves from y, to u,. Indeed, they are not
affected by the move from y; to u, since they remain with the same matches.
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Finally, (i4, s,) points to (i;,s;). Hence, there are two cycles: (i,5s1) = (i, s5) = (i3, 53) = (i1, 51) and (i5, s3) = (i, 54) > (i5,53) with
student i, participating to both cycles.!* It leads to the following matches: (i}, s,), (i3, 53), (i3,5;) and (is, 5,)-

There is one seat at school s, and one seat at school s; to be inherited from the first step. Since there is student i, who was
assigned a seat at school s, in the inheritance round of the first step and i, was not matched to some school in step one, there is no
inheritance of the s, seat at this step. Since all students who are assigned a seat at school s in the inheritance round of the first step
are matched to some school in step one, the remaining seats of school s; are inherited by students i; and i4. Thus, the student-school
pairs in the inheritance round of the second step are (i4, 5,), (i7, 53) and (i4, s3). Since student i, is already assigned one seat from her
best choice school (i.e. s3), then all student-school pairs containing her point to that student-school pair (i.e. (iy,s,) — (i4,53)) and
the student-school pair (i4, s3) points to (i4, s3) and the match (i4, s3) is formed.

Since there is student i; who was assigned a seat at school s; in the inheritance round of the second step and i; was not matched
to some school in step two, there is no inheritance of the s; seat at this step. Since the student who is assigned a seat at school s,
in the inheritance round of the second step is matched to some school in step two, the remaining seats of school s, are inherited
by students ig and i;. Thus, the student-school pairs in the inheritance round of the third step are (i;, s3), (ig,s,) and (i7, s,). Since
student i, is already assigned one seat from her best choice school (i.e. s,), then all student-school pairs containing her point to that
student-school pair (i.e. (i7, s3) ~ (i7,5,)) and the student-school pair (i;, s,) points to (i7, s,) and the match (i, s,) is formed.

Since there is student iy who was assigned a seat at school s, in the inheritance round of the third step and ig was not matched to
some school in step three, there is no inheritance of the s, seat. Since the only student who is assigned a seat at school s in the inheri-
tance round of the third step is matched to some school in step three, the remaining seat of school s is inherited by student i4. Thus, the
student-school pairs in the inheritance round of the fourth step are (ig, s,) and (i¢, s3). Then, (ig, s,) points to (ig, s3) and (i¢, s3) points
to (ig, 5,). So, there is one cycle (ig, s,) = (ig, 53) = (i3, 5,) leading to the following matches: (ig, s3) and (i¢, s,). We reach the match-
ing obtained from the ETTC algorithm, % = {(i1,57),(is,53), (i3, 51), (ig, 53), (i5, 84), (ig, 55), (i7, 55), (i, 53) }. Notice that the matching
obtained from the ETTC algorithm differs from the TTC matching, u” = {(i1,82),(in,83), (i3, 53), (ig, 51), (i5,54), (g, S2), (i7,55), (ig, $3) }.

Theorem 2. Let {I,S,q, P, F) be a school choice problem and u* be the matching obtained from the Equitable Top Trading Cycles mecha-
nism. The singleton set { €} is a farsighted stable set.

The proof of Theorem 2 can be found in Appendix A.1. Since { ¥} is a singleton set, internal stability (IS) is satisfied. We provide
the intuition for external stability (ES) by means of Example 2. Take for instance the matching u, = {(iy, 53), (i3, 51), (i3, 53), (is, 53),
(i5,55), (i, 84), (i7,55), (ig, s,)}. Following the steps as in the proof of Theorem 2, we construct a farsighted improving from u,
to uf = {(i1,59),(is,583), (i3, 51), (ig, 83), (i5,84), (ig, 55, (i7,55), (ig, $3)} = p7. In the first round of ETTC, there are two cycles, one
cycle cl1 = ((i1, 1), (i, 5,), (i3,53)) and a second cycle C12 = ((i5,53), (i, 54)). Notice that student i, is involved in both cycles.
Looking forward towards uF, the coalition of students and schools belonging to cll, ie. {ij,iy,i3,51,55,53}, deviates from g,
to reach the matching u; = {(i}, s). (i, 55), (i3, 83), (i, 53), (i5.i5), (i, 84), (i7, 53), (ig. 5)} so that student i; joins school s, stu-
dent i, joins school s, and student i; remains with school s;. That is, each student is matched to the school from the pair
student-school in cl1 she belongs to. By doing so, student i; already vacates a slot at school s;. Next, the coalition of stu-
dents {i,,i,,i3} deviates from y; so that student i; leaves school s, student i, leaves school s, and student i3 leaves school s;
to reach the matching u, = {(i},i)),(i5,i5), (i3,13), (is, $3), (i5.15), (ig, S4), (i7, 55), (i3, S,)} where all three students are unmatched.
Next, the coalition of students and schools belonging to cf, i.e. {i,is,83,54), deviates from p, to reach the matching u; =
{(y,01), (g, 84), (i3, 13), (ig, $3), (i5, 83), (ig,. i), (7, 55), (ig, 55)} so that student i5 joins school s; and student i, joins school s,. Next,
the coalition of students {i,,i5} deviates from p; so that student i, leaves school s, and student i5 leaves school s; to reach the
matching puy = {(iy,i1), (i, i5), (i3, i3), (is, 53), (s, i5), (g, ig), (i7, 52), (ig, 55)} so that both students are unmatched. Next, the students
{i1,i,,i3,i5} join their schools in uf leading to {(i1,5,), (i2,53), (i3, 51), (ig, 53), (i5, 54), (ig, i), (i7,17), (ig, $) } = s.

Notice that, in the second step, student i, is already matched to s; in us and 021 = ((i4,53)). Hence, she simply remains
matched to s; = uF(i,) along the farsighted improving path. In the third step, given that 4231 = ((i7,5,)), student i; remains
matched to school s, = yE(i7). In the fourth step, there is only one cycle cj involving student-school pairs (ig,s3), (ig,55)-
Since student ig is already matched to s, and student ig is unmatched in pg4, only student ig leaves her school s, to reach
{(i1,57), (is,53), (i3, 51), (ig, 83), (i5, 84), (ig, ig), (i7, 52), (ig, ig) } = pg Where both are unmatched. Finally, student ig joins school s, and
student ig joins school s5 to reach the ETTC matching u = y;.

Thus, uf e ¢(up). Again, it holds in general that, from any u # u there exists a farsighted improving path leading to £ . Thus,
the matching obtained from the ETTC algorithm also preserves the property of being stable once students are farsighted.

How much farsightedness from the students do we need to stabilize the matching obtained from the ETTC algorithm? Let C, =
{cll,cz, ,c,l:"} be the set of cycles in Step k.B of the ETTC algorithm (formally described in Appendix A.1), for k = 1,...,k. Let
r(i,ci) =#{(j,s) € ci | j =i} be the number of distinct pairs involving student i in cycle ci and let T(CL) = maxie(je,‘U,S)EC]/{) r(i,ci).
From the construction of a farsighted improving path in the proof of Theorem 2, we have that the minimum degree of farsightedness
that guarantees that students involve in any cycle always reach their ETTC assignment is

14 There is always at least one cycle in each step. If some student appears in the same cycle or in different cycles with different schools, then she is definitely assigned
a seat at her top choice among those schools while the other seats she was pointing to remain to be inherited later on.
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M = max Z 2e(ch) ) +1.
kell,... k) \ =

Corollary 3. Let (I,S,q, P, F) be a school choice problem and u® be the matching obtained from the Equitable Top Trading Cycles mech-
anism. The singleton set { u%} is a horizon-k farsighted stable set for k > ™,

Notice that in Example 2, the farsighted improving path from y to uf requires a degree of farsightedness equal to 5 so that
students i, i, and i3 have incentives to engage a move in y, looking forward towards s where they already obtain their ETTC
assignment. Since student i, is involved in two cycles in the first round of ETTC, ™ is equal to 5. Thus, compared to the TTC, the
ETTC improves in terms of no justified envy, but requires more farsightedness on behalf of students.

6.2. (First) Clinch and Trade algorithm

Morrill (2015) introduces two variations of the Top Trading Cycles mechanism for selecting a matching for each school problem:
the First Clinch and Trade mechanism (FCT) and the Clinch and Trade mechanism (CT). Both mechanisms intend to mitigate the
following problem. In the TTC mechanism, if a student i’s most preferred school is s and the student has one of the g, highest
priorities at s, then i is always assigned to s. However, until i has the highest priority at s, the TTC mechanism allows i to trade her
priority at other schools to be assigned to s. Such trade may cause distortions regarding the elimination of justified envy.

In the First Clinch and Trade algorithm (FCT), a student that initially has one of the ¢, highest priorities at a school s (she is
guaranteed a seat at s), cannot trade with another student to get s. The FCT algorithm runs basically the TTC algorithm but, at each
round, if a student points at a school where she is guaranteed a seat, the student is assigned to the school and cannot trade her
priority. For the remaining students, the TTC is run and the students who have the highest priorities at some schools are allowed to
trade their priorities and are assigned their top choices.'®

Example 3 (Morrill, 2015). Consider a school choice problem (7,.S, q, P, F) with I = {i|,i,,i3} and S = {5y, s, }. Students’ preferences
and schools’ priorities and capacities are as follows.

Schools
Students F F
_ S1 52
Pil Piz Pl'3 qs 2 1
52 S1 $2 i ip
S1 S2 8 in i3

i3 iy

Let uf be the matching obtained from the FCT mechanism. A formal description of the FCT algorithm can be found in Morrill
(2015) and Atay et al. (2022a). By means of Example 3 we illustrate the mechanism behind the FCT algorithm. In the first round,
each student points to her top choice school. That is, i; points to s,, i, points to s; and i3 points to s,. Student i; and student i,
are guaranteed admissions to school s; since both have one of the two highest rankings at school s,. Student i, is also guaranteed
admission to school s, since she is ranked first at school s,. Student i, is pointing to s;, and so she is clinched to school s; and the
match (i, s;) is formed. Student i; is not pointing to a school where she is guaranteed admission. Hence, she is not clinched to any
school and she participates next with i; to the trading procedure. Schools s; and s, point to their highest ranked student, respectively
iy and i,. Hence, there is no cycle and no match is formed. In the second round, each student points to her top choice school that
has still available capacity. That is, i; points to s, and i3 points to s,. Guaranteed admissions do not change. Hence, nor i; nor i3 are
clinched to some school and so they participate next to the trading procedure. School s, points to i; while school s, points now to i3
and so the match (i3, 5,) is formed. Student i; remains unmatched. In the third round, each remaining student points to her preferred
school that has still available capacity. That is, student i; points now to school s;. Since she is guaranteed admission to school s,
she is clinched and assigned to school s,. We obtain the matching u% = {(i},s;), (ip, 51), (i3, 55)}-

The matching obtained from the FCT algorithm differs from the matching obtained from the TTC algorithm, u7 = {(i}, 5,), (i3, 5}),
(i3,51)}. In the TTC mechanism, students i; and i, first exchange their priorities to form the matches (i1, s,) and (i, s;). Student i;
has priority at s; while student i, has priority at s,. However, student i; is ranked above student i; at school s,. In addition, student
i, is guaranteed admission at school s,. The FCT mechanism intends to remedy to such drawback.

While the FCT algorithm does not update the students that are able to clinch her most preferred school, the Clinch and Trade
algorithm (CT) removes from the priority list of each school the students that are guaranteed a seat. As a result, the priorities of the
remaining students weakly improve and thus, students that initially are not guaranteed a seat at their most preferred school may now

15 Morrill (2015) shows that the FCT is Pareto efficient, strategy-proof, non-bossy, group strategy-proof, reallocation proof and independent of the order in which
cycles are processed.
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be guaranteed one of the remaining seats. Let 4€ be the matching obtained from the CT mechanism. A formal description of the CT
algorithm can be found in Morrill (2015) and Atay et al. (2022a).'® In Example 3 both mechanisms lead to the same matching.'”

Theorem 3. Let (I, S,q, P, F) be a school choice problem. Let u and u€ be the matchings obtained from the First Clinch and Trade
mechanism and the Clinch and Trade mechanism, respectively. Both singleton sets { uf'} and {uC} are farsighted stable sets.

The proof is similar to the one for Theorem 1 and can be found in Atay et al. (2022a). Since {u%} and {u€} are singleton sets,
internal stability (IS) is satisfied.

We now provide the intuition for external stability (ES) of ¥ by means of Example 3. Take for instance the matching y, =
{(i1,82), (i, 81), (i3, 81)} = MT. We now construct a farsighted improving from y, to ;4F = {(iy, 1), (i5,581), (i3, 52)} = u,. First, we
consider student i, who is the only student to be clinched in the first round of the FCT. Since student i, is matched to school s,
in both y, and yup she does not participate to any deviation and remains clinched to s; along the farsighted improving path. That
is, (i5,s1) € py, 1 =0,1,2. There is no cycle between schools and students who are not clinched in the first round of the FCT. In
the second round of the FCT, none of the remaining students is clinched to some school. However, student i3 and school s, form a
cycle. So, looking forward towards u”, the coalition Ny = {i3,s,} deviates from  so that student i5 joins school s, to reach the
matching p; = {(i;, 1), (i, 51), (i3, 55) }. Student i3 is matched to her preferred school s, in y; and she has a higher priority than i, at
s,. By doing so, student i; is pushed out of school s,. In the third round of the FCT, student i; points to school s; and is guaranteed
admission at school s;. So, from u,, the coalition N, = {i;,s;} deviates so that student i; joins school s, to reach the matching
sy = {(iy,51), (i3, 51), (i3, 57)} = uE . Thus, u¥ € p(u7).

In fact, it holds in general that, from any u # u” there exists a farsighted improving path leading to u*. So, {u'} is a farsighted
stable set and the matching obtained from the FCT algorithm preserves the property of being stable once students are farsighted.
Likewise, {u€} is a farsighted stable set.

Similarly to the TTC, we have that students belonging to a cycle only need to look forward three steps ahead to have incentives
for engaging a move towards the matches they have in the matching obtained from the FCT (CT) algorithm, uf (u©).

Corollary 4. Let (I,S,q, P, F) be a school choice problem. Let uf and uC be the matchings obtained from the First Clinch and Trade
mechanism and the Clinch and Trade mechanism, respectively. Both singleton sets { '} and {u€} are horizon-k farsighted stable set for
k>3.

7. Conclusion

We have considered priority-based school choice problems. Once students are farsighted, the matching obtained from the TTC
mechanism becomes stable: a singleton set consisting of the TTC matching is a farsighted stable set. However, the matching obtained
from the DA mechanism may not belong to any farsighted stable set. Hence, the TTC mechanism provides an assignment that is not
only Pareto efficient but also farsightedly stable. Moreover, looking forward three steps ahead is already sufficient for stabilizing
the matching obtained from the TTC. Since the choice between the DA mechanism or the TTC mechanism usually depends on the
priorities of the policy makers, farsightedness and Pareto efficiency may tip the balance in favor of TTC or one of its variations.

In this paper, we have focused on priority-based school choice problems where arbitrary groups of students (and schools) can move
together and where schools could have more than one seat of capacity. We have shown that the TTC matching is a farsighted stable
set when allowing deviations of coalitions of arbitrary size. In matching theory, it is often assumed that only individual or pairwise
deviations are feasible and most results are robust to deviations of coalitions of arbitrary size. However, this is not always true once
agents are farsighted. In a follow-up paper, Atay et al. (2022b) have found that, for one-to-one priority-based matching problems (i.e.,
problems with only one vacant seat (object) to be assigned among the set of agents) where only individual or pairwise deviations
are allowed, the TTC matching is stable provided agents are sufficiently farsighted. However, we have shown in the present paper
that, once there are more than one seats to be allocated, more cooperation among students is needed to sustain the TTC matching as
farsightedly stable.'®
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16 Morrill (2015) shows that the CT mechanism is Pareto efficient and strategy-proof. Unlike the TTC mechanism, the CT mechanism is bossy, not group strategy-proof,
and not independent of the order in which cycles are processed.

17 In Example 1, u” = u" = y€ = u¥ # uP. In Example 2, u* # ™ = u* = u€ # uP. In Example 3, u” = u* # u" = u© = uP.

18 In fact, one can show that Theorem 1 holds when restricting the deviations to coalitions involving at most two students. However, longer farsighted improving
paths for reaching the TTC matching from any other matching would be required.
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Appendix A
A.1. Equitable Top Trading Cycles algorithm

The Equitable Top Trading Cycles mechanism (Hakimov and Kesten, 2018) finds a matching by means of the following Equitable
Top Trading Cycles algorithm (ETTC).

Step 1. Set qsl =g, for all s €.S where qbl_ is the initial capacity of school s at Step 1.

1.A. (Inheritance) All seats are available to inherit in the first step and students are assigned seats according to the priority orders F
to form student-school pairs. Let F*!(s,i) = {j € I | F,(j) < F,(i)} be the set of students who have higher priority than student i
for school s in Step 1. Let IS, = {(i,s) € I X S | #F*1(s,i) < qs1 } be the set of student-school pairs formed by assigning students
one-by-one to the schools while respecting their capacities. In other words, 7.5 consists of student-school pairs such that each
school s pairs with g, highest priority students.

1.B. (Pointing) Each student-school pair (i, s) € IS, points to the student-school pair (i’,s") € IS, such that (1) s’ is the best choice
of student i in P,, and (2) student i’ has the highest priority in F, among students who are assigned a seat at s’, i.e. (i, s) —~ (i’,s")
such that F,(i") < F,(I) for any other (I,s’) € 1S,. Notice that if (i,s) € IS, and s is the best choice school for i, then all
pairs (i,s’) € IS, point to (i, s). Since there is a finite number of students and schools, there is at least one cycle. Let C; =
{cll, ..., c]L1 } be the set of cycles in Step 1.B where L; > 1 is the number of cycles in Step 1.B.

1.C. (Trading) If student i appears in the same cycle or in different cycles with different schools, then she is assigned a seat at her top
choice among those schools. That is, for each i € I such that there exists (i, s) = (i’,s") in ci and (i,5) ~ (i"”,s") in ci/, possibly
ci = ci,, m; (i) = s’ such that s’ P,s”. The seats at all other schools than her top choice she points to in those cycles remain to be
inherited. If student i only appears once in a cycle, say ci, then she is matched with the school that is in the student-school pair
she points to, i.e. if (i, s) — (i’, s") (possibly s = ") in c{ , then m, (i) = 5’. Finally, if there is a student-school pair participating in
a cycle, (i,s) € ci, and another student-school pair with the same student and a different school not participating at any cycle,
(,5") ¢ c{’, ci' € C, then this seat at school s’ remains to be inherited.

LetI, ={iel|(,s)€E ci, ci € C, } be the set of students involved in a cycle in Step 1. Let M| = U[ell (i,m;(i)) be all the matches
formed between students and schools in Step 1. All student-school pairs that involve students who are matched in Step 1 are
removed. Let S| = {(i,s) €IS, | i € I, } be the set of pairs from 7S, that are removed in Step 1. Let ZSI' ={(,s)elsS| |i¢l}
be the set of pairs from 1.5, that are not removed in Step 1. Let Sl+ ={seS|is)e IST, i € I} be the set of schools that were
assigned in Step 1.A some student who are not matched in Step 1.C.

Let fl =1\ I; be the set of students who have not been assigned a seat at the end of Step 1. If 1, | # 9, then go to Step 2.A.
Otherwise, go to End.

Step k > 2. At the beginning of Step k, the remaining capacity of school s is qé‘ and the set of remaining students is 1, PR

k.A. (Inheritance) Let F*k(s,i)={j € 1, -1 | F5(j) < Fy(i)} be the set of students who have higher priority than student i for school
s in Step k. Let 1S, = IS:_I U {(,s) e fk_l X S | #F*5(s,i) < q;‘ and s ¢ S;r_l} be the set of student-school pairs assigned
in Step k.A where ZSZ_1 ={(,s)€1IS,_||i¢&I,_,} are the student-school pairs that were not removed in Step k — 1 and
{G,s) € 1, o1 XS | #F(s,i) < q;‘ and s ¢ S,:’_] } are the student-school pairs that are inherited and formed by assigning remaining
students one-by-one to the schools while respecting their capacities.

k.B. (Pointing) Each student-school pair (i, s) € 1S, points to the student-school pair (i, s") € S, such that (1) s’ is the best choice
of student i in P;, and (2) student i’ has the highest priority in F, among students that are assigned a seat at s’, i.e. (i,s) — (i’,s")
such that F,(i") < F,(I) for any other (/,s") € 1S,. Since there is a finite number of students and schools, there is at least one
cycle. Let C; = {cll, ci, ,ckL k1 be the set of cycles in Step k.B where L, > 1 is the number of cycles in Step k.B.

k.C. (Trading) If student i appears in the same cycle or in different cycles with different schools, then she is assigned a seat at her top
choice among those schools. That is, for each i € 1, «—1 such that there exists (i, s) -~ (i’,s’) in c,’c and (i,5) ~ (i”,s") in c,’:, possibly

I_
k= k>
inherited. If student i only appears once in a cycle, say ¢

m; (i) = s’ such that s’ P,;s”. The seats at all other schools than her top choice she points to in those cycles remain to be

,’(, then she is matched with the school that is in the student-school pair

she points to, i.e. if (i, s) ~ (i’, s") (possibly s = s") in c,’(, then my (i) = s'. Finally, if there is a student-school pair participating in

c

acycle, (i,s) € c,’(, and another student-school pair with the same student and a different school not participating at any cycle,

! ! . . . .
(i,s") & c]’c , cllC € Cy, then this seat at school s’ remains to be inherited.
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Let I, ={i e IAk_l | (i,5) € c,i, c,’( € C; } be the set of students involved in a cycle in Step k. Let M; = U,.E,k (i,my(i)) be all the
matches formed between students and schools in Step k. All student-school pairs that involve students who are matched in Step
k are removed. Let 1S, = {(i,s) € IS, | i € I} be the set of pairs from IS, that are removed in Step k. Let ISZ ={(i,s) €
1S, |i¢ I} be the set of pairs from I.S, that are not removed in Step k. Let S;r ={s€S|(@i,s)€IS},ie I} be the set of
schools that were assigned in Step k.A some student who are not matched in Step k.C.
Let fk = fk_l \ I, be the set of students who have not been assigned a seat at the end of Step k. If 1, « # 9, then go to Step k+1.A.
Otherwise, go to End.

End The algorithm stops when all students have been removed. Let k > 1 be the step at which the algorithm stops. Let ¥ denote

the matching obtained from the ETTC algorithm and it is given by uf = ULI M,.

Proof of Theorem 2
Since {uf} is a singleton set, internal stability (IS) is satisfied. (ES) Take any matching i # 4%, we need to show that ¢(u) > uE.
We build in steps a farsighted improving path from u to u£. Let fiy = p.

Step k.1. (k> 1) If (i, u" (i) € iy forall i € {j € I | (j,5) Ec; } and 1 # L, then go to Step k.2 with ;4”’ Hy_y I (i uE (D) € Jy_
forallie{jeI]|(j, s)ec } and 1 = L, then go to StepkEndw1th/4’” =g

Otherwise, for each i € {j € I | (j,s) € ¢}, let ¢, (i) = {(i, s )}I, ’ be such that G,s"ye ¢, and sil' = =5,, # sil'+l = Sop,, With
op <opyy for ' =1,...,7(0, c}c) — 1. That is, cll(i) is an ordered set of the pairs involving student iin cycle c}c where ‘r(i,cll) =
#{(j,s) € ci | j =i} is the number of distinct pairs involving student i in cycle c/i. Let T(Ci) = maxie(/eu(j,s)ea,l) r(i,c/i).
Let Ay (s) =#{(i,s") & fip_y | (i, s") = (i, sV) with (i, s') € c,i(i) and s’ = s} be the number of students who are not yet matched
in i, to school s that ranks them among the first ¢, positions and is ranked first in their ordered set.
If (i, u (i) & iy, for some i € {j € I'| (j,s) €} then Hyy = Hior = (G- 1 Gh9) € cpand i () #i}+{G, s ie{jel]
(o) € et} = (U-5) € Fiky | AS(Tr) < Mgy (5) = gy +#7Ti 1 (5)) where AS(i_) =#{1 € 1| (I,5) € ir_, and F,(1)> F,(j)} is the
number of students who are matched to school s in i,_; and have a lower priority than student j. Looking forward towards uE
students belonging to {j € I | (j, s) e cl} weakly prefer u” to ji,_, with at least one of them strictly preferring yu”.
Next, if (i, s | (i) = (i, " (i)) and ¢y = {(i. uE (i)} then = H, . Otherwise, u/ =4 | —{G.s'")|i€{jel|(.s)e e}
so that all students involved in ck are unmatched. If T(I,Ck) =1forallie{jel]|(y,s)e cl} and 1 # L, then go to Step
k.2. If r(i,ci) =lforallie{jel]|(,s) e c,i} and 1 = L, then go to Step k.End with ;4]’(”L = ykl If T(i,Cli) # 1 for some
ie{jell|(,se c,i} then go to Step k.1.A.
Step k.1.A Take all i € ! (c,l) ={jel]|(y,s)e c,l and r(j,c]i) > 1}, where Tl(cllc) is the set of all students who are involved more
than once in cycle cli. Let P(s2)={(j,s)|j€ T (c,i) and s = 52} be the set of student-school pairs involving school 52 in cycle
c{‘. Let I(s) = #y,’(tl(siz) + #P(s"2). From “Il(l,l’ looking forward towards uf, each student i € Tl(cli) matches with school s%2. In
the case more students are assigned to some school than the number of available slots, then students with a lower priority are
dropped off. Hence, from ”l,c, , we reach the matching

”1%,1 =+ (G5 ieT'(ch)
. il2 A(‘ ~ il
- {(11, ) F a0 > F i, () for all j' € w/ (572, ' #J,} T 2 g,

0”2y .
—{ U™ i) > Foa () forall §' € 7, ' # 5y} i€ 0™ 2 g0,

~ 52

I(s'

- {(jI,s”) | Fusa () > Funn (1) for all j' € ! (5", j' # }, Vi) > 4,525

=1
where {s'2,57°2,...,s"2) = (s€ S |s=sfori e Il(c )and s=#{s€S|s=s2forie INl(c,l)}.

Looking forward towards uE students belonging to I 1(ck) prefer uf to ”2,1' Next, each student i € Tl(c,i) leaves her school s
to become unmatched and guaranteeing a free slot at school s'2. We reach ﬂifl = ”z L {G,s%)]ie T 1(c,i)}.

Next, take all i € IN2(c]1) ={jel|(j,s) €c, and 7(j,¢;) > 2}, where INz(c;) is the set of all students who are involved more than
twice in cycle cl Let P(s) = {(j,s) | jeT 2(c,i) and s = 53} be the set of student-school pairs involving school s/ in cycle c1 Let

(s = #yk (s”) +#P(s3). From u? i 1, looking forward towards u%, each student i € I 2(c ) matches with school s73. In the case
more students are a551gned to some school than the number of avallable slots, then students with a lower priority are dropped
off. Hence, from > ., we reach the matching

4 . i .
=g, G s i€ Pep)
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'
—{ " Eis > Fys () forall j' € 2 5™, 5 # 5y i T 2 .0,

2 ( ~ 2
~{U ™) sG> Fa () forall ' € 7, ' #4) Vi 2.0

Tsit3

Is"7) A 5
—{ U™ 1 FyssG)> Fyss (1) forall / € (7, /' #41 f i1 2 s,

where {53,573, ...,s"3) = {s€ S |s=5" fori € T*(c))} and 5=#{s €S| s = 5" for i € I*(c])}.
Looking forward towards u* students belonging to T 2(c',i) prefer uf to ;42 |- Next, each student i € T 2(c,i) leaves her school 5’3
to become unmatched and guaranteeing a free slot at school s*>. We reach “i,l = ”Z G s lie T 2(e))-

(e}

We repeat this process until we reach in the end the matching ;4”’ =u - {d, 57 Niel - 1(cl)} where all students

k.1
involved in ck are unmatched and each school s involved in cl has at least #{(i,s’) € c | s’ = s} free slots.
Step k.l. (> D If (i, uB () € u)l)_ forallie (j€T|(j,s)€ ¢} and I1+# L, then go to Step k.l +1 with /) = ;4;(”[ G uE ) €
,u;(’; (forallie{jeT|(,s)e cl’c} and / = L, then go to Step k.End with ”LHL = /4,’(”[ .

Otherwise, for each i € {j € I | (j.s) € cL}, let ¢} (i) = {(i. s )}1’( © be such that G,s") e ¢, and sl = Sop # s+l = =5,,,, with
op <opy for ' = 1,,..,1(1‘,0;() — 1. That is, c]’c(i) is an ordered set of the pairs involving student iin cycle ck where T(I,Ck) =

#{(j,s) € cl’( | j =i} is the number of distinct pairs involving student i in cycle c,lc. Let r(c]’{) = maxie{jell(j’s)ai} (i, c,’().

Let Ay (s) =#{(i,s") & ”12,,;71 | (i, s") = (i, s'Y) with (i, s')) € cllc(i) and s’ = s} be the number of students who are not yet matched
in /4;(’; | to school s that ranks them among the first g, positions and is ranked first in their ordered set.

If (i, u (i) & M,Z’,_l for some i € {j €1](j,s) € C,[c} then M,’c, = H/'(", L~ {(i,#/'(',',_l(i)) [ G,s) € C,i and M,Z',_l(i) #i) + {G,s') |
ie{jell|(.s e C,l(}} - {U.9) € ﬂ;:f,_l | Aj(#;é’,_l) < Agy(s) — gy + #ll,/é/,_l(s)} where Aj(#,'("',_]) =#{l'el |l e
;4;(”1 , and F,(I") > Fy(j)} is the number of students who are matched to school s in ;4,’(’;_1 and have a lower priority than

student j. Looking forward towards uf students belonging to {j € I | (j,s) € c,’(} weakly prefer uf to u!"’

w11 With at least one of

them strictly preferring u%.
Next, if (i, uy (1) = (i, uE (@) and ¢ = {(, uF(i))} then #, = . Otherwise, u/ = uj  — (s lieljeTl|y,s) €c}}
so that all students involved in c,’c are unmatched. If r(i,c]’c) =l1forallief{jel]|(,s e c’ } and [ # L, then go to Step
k.l +1.1f 7(i,ci)=1forall i € {j € I | (j,s) Eci} and | = Ly, then go to Step k.End with ML”L =, U 2(i,c,) # 1 for some
ie{jel|(,s)e c]’c} then go to Step k./.A.

Step k.[.A Takeallie Iz (c,lc) ={jel|(y,s)e c,’( and 7(j, c,’() > 1}, where L (c,lc) is the set of all students who are involved more than
once in cycle c’ Let P(s'2) = {(j,s) | j€E INl(c/) and s = 5’2} be the set of student-school pairs involving school s’ in cycle c’ Let

I(s’z) #y (s’z) + #P(s™2). From y’ k P looking forward towards uf, each student i € T 1(c ) matches with school s2. In the case
more students are a551gned to some school than the number of available slots, then students with a lower priority are dropped
off. Hence, from ,uk , we reach the matching

Hey = Hy LG sD i€ T )
. i2 ' i2
—{(Jy,s )| F,Gp) > F i, (1) for all j € w! (%), j' #JV} _, T 2q,0,
~ .2
.22 ; i22 « 22
~{Ur 5™ E o) > Fa (') forall ' €l 5™, ' #v L") 2 g o,

132

I(s ~ 5
G FaGi)> Fa forall f € iy, 7 #3y ) 6™ 2 0,0,

where {s''2,5°2,...,s"2) = {s€ S |s=s2forieT'(c])} and 5=#{s € S| s = s> for i € '(c})}.
Looking forward towards uF students belonging to I (ch) prefer u” to u? . Next, each student i € T (c}) leaves her school s
to become unmatched and guaranteeing a free slot at school s'2. We reach ”1%,1 = ﬂi ,—1G, sy lie 1 (c,’()}.

Next, we repeat this process with students who are involved more than twice in cycle c,’( until we reach in the end the matching

(e ie(c! ~r(cl)= . .
A . (G, "y i e T l(c]’c)} where all students involved in ¢/

W=y . are unmatched and each school s involved in cllC has
at least #{(i,s") € cli | s" = s} free slots.
If I # L,, then go to Step k./+1. Otherwise, go to Step k.End with Ml’{”L = M;{N,
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”n

Step k.End. We have reached u where each student i involved in C; is either matched to uE (i) or unmatched and each school

kL
s involved in C;, has at least #{(i,s") € UIL="1 c,’C | s’ =s and ﬂ;c, ,Lk (i) # uE (i)} free slots. Next, those unmatched students join the
school they point to in C; to form the matching 7y = u; ’Lk +{G,5) € My | (i,5) & p)! 'Lk} so that each student i involved in C; is

matched to her school u%(i). If W= uP then the process ends. Otherwise, go to Step k+1.
End. The process goes on until we reach jij = U£=1 M, =uf, where k> 1. [J

Data availability
No data was used for the research described in the article.
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